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Abstract

Due to high transmission ratios, low noise and compact structures, the worm gear set
is widely used in gear-reduction mechanisms for transmitting torques between crossed axes.
Increasing the contact ratio of a worm gear set not only improves the orientation precision
and transmission stability, but also increases the loading capacity of the worm gear set. In
this research project, the worm gear set is composed of the ZK type worm and the worm
gear generated by a fly cutter with a non-ninety-degree crossing angle. The proposed
approach can increases the contact ratio of a worm gear set, and it makes the worm gear set
providing a higher loading ability.

In this research project, the mathematical models of the ZK-type worm and the worm
gear generated by a fly cutter have been developed based on the worm gear drive
generation mechanism and the theory of gear meshing. According to the developed gear
tooth mathematical model, the tooth undercutting of the worm gear set can be analyzed. In
this research project, the tooth contact analysis technology has been utilized to the
investigations on transmission errors and contact ratios of the worm gear set under ideal
and error assembly conditions. The contact ellipses of the worm gear set can be obtained
by applying the contact surface topology method. Finally, the contact stress contours on the
tooth surfaces and the tooth deformation have been investigated by employing the finite
element stress analysis software.

The proposed research project is a three-year project. In the first year, based on the
conical-shaped grinding wheel and the practical cutting mechanism, the mathematical
model of the ZK-type worm surface can be derived according the theory of gearing and
differential geometry. Furthermore, the mathematical model of the worm gear surface
generated by a fly cutter is developed by considering the profiles of cutting tools and the
machine-tool settings. Usually, tooth undercutting occurs under some certain conditions
such as small pressure angle, which consequently results in stress concentration near the
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tooth fillets. On the basis of the developed mathematical model of the tooth surface, the
condition of tooth undercutting can be obtained and the undercutting line on the tooth
surface can be calculated and plotted. Tooth undercutting under various combinations of
design parameters was studied.

In the second year of the research project, a mathematical model for the worm gear,
generated by a fly cutter, meshed with the ZK type worm with a non-ninety-degree
crossing angle was set up firstly. Additionally, the assembly errors were considered in the
mathematical model of this worm gear sets. Owing to non-conjugate contact for the
ZK-type worm and worm gear generated by a fly cutter, the proposed worm gear sets
exhibit point contact instead of line contact. Tooth contact analysis (TCA) was adopted to
determine the bearing contacts and transmission errors of the worm gear sets. Moreover,
the effects of assembly conditions and design parameters on the transmission errors and the
contact ratios were also studied.

In the third year of the research project, the directions and dimensions of the contact
ellipses of the worm gear set can be determined by applying the contact surface topology
method. The influences of design parameters on the dimension of contact ellipses were
also investigated. The tooth surface was assumed to be rigid when the contact ellipses were
determined by contact surface topology method. However, in practical applications, the
worm gear set is under load during transmissions. To obtain more realistic simulation
results, loaded tooth contact analysis (LTCA) was performed by employing the finite
element stress analysis software on the workstation. An automatic meshes generation
program for the three-dimensional tooth surface was developed based on the mathematical
model proposed in the first year. Furthermore, the contact stress contours on the tooth
surfaces and the tooth deformation were investigated. The results obtained from LTCA are

more realistic and helpful than those obtained from TCA.
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FTIS

13



Ll chfccnc (17)
He
10 0
L, =|0 cosA -—sinAd
|0 sind  cosd
[ cosp, sing, 0
L e =|—sing, cosg 0
0 0 1
TRNMNDEEE T FLIERS T 7 Ewz iz i
n, n,cos@ +n, sing cosA—n_sing sind+ 4, cosg,
n =|n,|=|-n,sing +n, cosy cosl—n_ cosg ssinl—4,sing, (1.8)
n_, n, sind+n_ cosd— pg,
Hén, on o AHEF0AEN14)
g Rl G 7 B Ok AR AR 0 B2 HRiE 1 2 (Work Piece)® # - B

] V}Lmq’ﬁqrv@'%b%i’fgﬁ1 ;iﬁiﬁ #H BT L E ﬁﬂ%’@%ﬁm*’i}%’f&

SRV IVAR. | e B AR CAPE S O B TR P ’5#«"ii#5%’37§V§16)ﬁ— Pt
222w B i F o wHpHE R L EIE R T 5 (Common Tangent Plane) + > @

Bl BA L TAREE o T b A F R BE A KA T
B 1L P org) e & 2 42 3% (Equation of Meshing) o B B fn & dR s 1 12 & o5
S.(X,Y,Z) Rtk k2 At R 5 VIO @ HApr Bz LRz £ 5 nl 0 d B4
Rl spiepr > 3 F2 oA ApHERAVOBRLFZe @3 pEE o F o itk
B B2 v £ AR E T N RGE

nOvio = 0. (1.9)

B Bt pHERT 2 TR A

14



VI VO v (110

PR YO VOSSR G 2 BT L6 2 d R 4

e
=
o
>
w2
[z
¥
o
F_&.
-
K-
T
N
»

SEARY 0 H OB aE R ARk 2 M e B 1397 F o BB B P LA S ARk
P TR R AT S B VO =0 o d BSR4 58 & B T

o R ARETS (XY, Z,) Btk RS o T da gt AR k2 g o

fer © o fer

4 iﬁﬁ;m“)—a)l o R E s > T P\?F&lpw‘?bi‘fivm—pa)lk L FEE o FPL o

M G R AT S AR A T OUT AT L
VY =0"xRY + 0" x0,0 + V" (L.11)

B N IS

+(b, —u,sine, )sinA—u, cosa, sindcos i
VO =w,| ucosa, cosfcosd+psindA+A, cosd (1.12)

c

—ucosa, cos@sinA+pcosA—A sind
VO =0% A2 (14)~ (1.10)f=(1.12) #* » = 4255(1.9), 5B i~ §

%7—,2641;55?&,%#& & ool £ 3 AN de T

u, =bsina, —( A, — pcot 1) e84,

+( A, cot A+ p)sina, tan 0 (1.13)
cost

d T ZKANHER 2 246 EE ST I Bz L7 RS R SR Bt 7 L6 i

Brde 2 s AENEE A E, T N (1L6) 2 (1.13)% T L ZK A MRk 2 &

=
w
w

Best o B i g b HELR R E F R R R G A S ZK AR
2ol E AR 0 T BRI A D R 207 B G rA] A ZK AR & 6
2wl & AR o

Fd baterdi e ZK AR 2 & 6 fut 2 A2 (LO)frd g v £ 2 4250 (113)
T A BEfR R RE RS G L R R R TR R 2
#0750 & L1 AN A AT ergR ¥ 20 ZK | EAE R ekt Sl B kA T 2

15



ZK At & 5 B B0 0 I TERE B 2 T % ZK AR = b g R A T TR

1.4 -

11 FR e R 4 Sk
W S L R R
B e S
2 1% # Bc(T)) 3
Efze R4 &(a,) 20°
B s(L) 30°
B e Hclic(m,) 4.619 mm
B 12 4(r,) 20.0 mm
HR e & F 2L 05(n) 12.0 mm
pRtE H & R 2 HAR(p) 6.928mm/rad
HRtE & B2 ¢ S EE(A,) 32.0 mm
A X
— 30
—— 20
_\ 50 Z.
\\ N\ -
¥ > :mm

1.3 ZK A3t 2 & 7 415 k2 % i

dhfnz ®g - AR AR 7 KA RE A S £ & & WERmE R A

7 2k 2l E 2

5

Hdh2 &7 ANFRE IR od R AR 7 22 e 3le &

A 4ol 1S 07 o Bt 7 F e A2 F B 6 2 RNT A7 NS(X,Y,Z) B

16



i P deT o

X, u, cosa
R = |- 0 (1.14)
! Z, + (b, —u,sina)
1 1
He

bzz%ﬂgtana S, =8,cosd
NI 2y, B 27 e kP S OHEP y, <u,<u,, o BT EENA
iz B E o x 2R N(L14)Y B R b B R A K 2L #7 B 0 T
CRERMATHT 22 @7 e o AT G MEERZ S RN gy o o
ZREE N AY B 2t Ba AR MRS G oA T 2 2 BELR AT B

2 27 B TRl 2 Rt d o

B 15 &7 2325 1 2 B

He S, ARy 2 &5 > S FHREANR 7 220 & 5 o il 1.6 17 0 4R
AR 7 Bk S(X,Y,.Z,) Ad B ES(X,Y,Z) Rtk k2 H7 Ee kA AR

PRI Z, PR E R AR S, (X, Y, Z,) % Z, bht - BAEE A S ARET A B

17



B 8, (X, Y, Z,) 2 7, PR S8 B+ hopt BIT (8 ELERTE 2)0E 7 2 BB 4250 o

th,Xl‘ /

B 1.6 #ts 38 7 2 L2847 L F

d P RE AR 7 B PUE TR 2 0 B BRI 7 2 AR5t A i
® o o ARt e W7 F e b0 qE IR d T A R AR TV TR AR
2o AR N AT

R, =M, R, (1.15)

HY R, 272 455(1.14) 0 & + 3¢ BikgiaeLdp i

cosp, sing,cosd —sing,sind 0

M. -] sing, cos@,cosdA —cosg,sini 0
" 0 sin A cos A -po,

0 0 0 1

18



B A2 (1L14) 8 xS AR (115) ) T T RE R AR 7 Aot s, ARk 2 U A

P LR ANR 7 2 dg AR e T

X, X, cosp, +Y, sing, cosA—Z, sing, sinA

Y, | | —X;sing, +Y, cosp, cosA—Z, cosp, sind

R, - (1.16)

Z, - Y, sinA+Z, cosA—pe,
1 1

HP X, ~ Y, Jez, » 5B 4w 3t 1258(1.14) ¢ o

dONERIE AR 7 2 %G 5 - SRR G FI O T A MR 2 0 BE e Sl R

113k #% (Cross Product) > F 1 H &6 2.2 % £ 4o ¢
N, = R R, (1.17)
ou, 0,

pRtE AR 7 A v AR R k2 B AR 0 o) 17 foB 1.8 om0 ARk

S,(X,.Y,,Z,) £ S, (X,,Y,,Z,) ~ Bl G FIT AR i R AR 7 2 ARk o @ ARk
Sy (X, Y, Z,) 1S (X, Y, Z,) I A %) 5 s ds A% 7 2Rz 54 ik 4 0 Z #h 5 HRiE Al
B 2R b 2 Bk R SRRy S R 1R 7 2RI b R g S T 2

2 4 % (Crossed Angle) » S= B 0D R ph2 BCEREYE o @] 1.7(a)& 7 0 BT

S,(X,,Y,,Z,) Atk i 2 dp i Ap $20 H 54 B Ak 8 S (X,,Y,,Z,) Eir F Z, a g h > v 1
¢, 2 & B0 2% v g hoB) 1L7(b)#7 T 0 BT S,(X,,Y,.Z,) ARk 2 #RE AR 7
gt 5 B AR 5 S (X,Y,.Z,) 0 AUr FZ ph e g2k R ITRS e g o W
MR s AR 7 2 AR R T S(X, Y, Z,) Btk kP XU R, AT 2 0@ E C ATR,
SR AR 7 B AS,(X,Y,Z) Atk 2 =g e E > IR, frR, A BiE e E2F
AR M R0 T4 T A2 A B R e S fr N RE

R, (u,,0,,6) =M, R, (u,,9,) (1.18)

;}F’_C‘ ’E]lj
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a, a, sing,siny  —Scos¢,

a a —cos¢, siny —Ssin
M,, =| 21 e ¢, siny 9, (1.19)
sinysing, sinycosg, cosy 0
0 0 0 1
He
a,, =—sing, cosysing +cosg, cosg,

a,, =—sing, cosy cosg —cosg, sing,
a,, =Ccos¢, cosysing, +sing, sing,

a,, =Cos¢@, cosy cos@ —sing, sing,

(b)

Bl L7 #afs g Vs T L B
§0 ol R RER VR BT i B L R FE R L AR L2

PR S R Rt AR 7 RIREL e T MRt B R R 4 frg, v T L M

20



(1.20)

Bl 1.8 a2 iR HET X B
B g e, » S 5 iEAR 7 2 S BE kR S o @ g, o, RIS B 57 VR

HR it AR 7 B Rdn2 iE o Flpt o R 4250 (116)2 (1.19) F ~ 2 4258 (1.18) » T F

HRtE AR 7 A7 TR A AR 8 S 2 P AR 0 T T S MR 2 PU S AR A T AT

R, (u,,0,,4) = Mz,h R, (u,,9,)

a, X, +a,Y, +sinysing,Z, —Scos¢,
_ a, X, +a,Y, —sinycosg,Z, —Ssing, (121)
sinysing X, +sinycos@Y, +cosyZ,

1
He X, ~ Y, frz, » %4722 f258(1.16) ¢ -
 RE R R AR 7 b £ 2 AN L PR AR 7 7 B oG HERE G

WHER IR L7 Bk

|
=

Foom e - Bik ko d Bl L7 fo®] 1.8 #7om 2 gtk

AR S F 2 Bk kM %o FR AT AS, Bk 0 Bl FARED AR

S(X,.Y,.Z,) # 4 T S,(X,.Y,Z,) » scHafie AR 7 SR 2 A HE R AT b

21



S)(X,,Y,Z,) Atk k> 7o T 3L RR

(h) ((J)(h) (h)) > R O O(h) > (J)gh)

(m,, cosg, siny)Z, —(1+m,, cosy)Y, —Sm,, sing, cosy
=| (1+m,, cosy)X, —(m,, sing,siny)Z, —Sm,, cosg, cosy (1.22)
(m,, sing, siny)Y, —(m,, cosg, siny)X, + Sm,, siny

B X, ~ Y, foZ, A u Ao 4258 (116) 7 o
P29 A28 (1.9)2 v & 6 5% 5 82 A28 (L17)fo(1.22) B £f > 7 KT apfe 4] 08 7
7B G AR g g s S AR 0 H A AT
NP v =0 (1.23)
Flo Hafn 2 & o Ad HRdE AR 7 TR 0 B BRfR 2 ® 6 e F N T 4 iR AR
7 5 S,(X,.Y,Z,) AR i 2 g S ARV (1.21) 0 97 1 if 2w £ 2 AR (1.23) 8 2 e o
Fd WG AT R % 6 U S AR (12D fref e 6 e & 2 £255(1.23) T F
I BelEfEz 2 RIFAS G 23173 AU LB D RERn 2 v g i dipy
2 #A e F 2 12 A ABRREFE AR ZEEANE 7 G4 S L iRkl B R4
oo TR EZ MRS G G e TR B D 2 T R AR 7 AT

fl= 2 Hpmen= b A e Bl & 73R 19 -
# 1.2 s 31R 7 2R ¢ 1 Sk

B S B = i
Pt e
Lo = Y
S RIS 2 248 & (y) 45°
Hadm 2 41k (f) 15°
dRfm2 & F1 X f2(r) 60.045 mm
P EE(S) 72.045 mm
e i & #e(T,) 29
B 7 HE(T) 3
F7ER RS () 20°
F7OERAE(AL) 30°
R E e s (m) 4.0 mm
B & FE () 12.0 mm
EHZAR2Z EA(p) 7.255mm/rad
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FoF M7 A2 0RmE G 2 % AE A

2.1 s 6 2 %A E 7 BB

TR Litvin[8] 0 2 & ASE T 4475 2 AT RS B 2 E 7 A G
Ajod e Bz ABEVAOFE R L2 - o Hr e g d Gl e ENE

Pl BEAL S # BB - Az ®a SR G o ThG A EFHRERTLE FE
ai&m%ﬂ%’#%ﬁ&aﬁf%4ﬁhm@ FUEREARE? 7 o6 X, A HRE
2%t Y, hdkg 2 AlSEART CHREANR 7 27 5 X EARL L de X, TR
e Aa Fenzie L bE R - AEAFRZF > H 2w £ B2 E - KoL
By vdw Fam R R R A T A E L BRI LS, (X,,Y,,Z,) T 2

R” =R?” 2.1)
RS HETHRAT

VY + VY =V? 1 V? (2.2)

EMBEERIST F

\VACIS VAR VIR VACN VU VA2 (2.3)
S AR Q2)F (23)F 2 T A LA R R F R AR A RS 6 2 E
GRS TR AT RABCEE AR A G 2 TG d B oo K BB &

%?ﬁ”%V?=O%’&ﬁi%€éi%ﬂ%’#%%&aﬁgﬁi@“m@’m
B P FEFPLLBIERT AT AT L

VP +vV™ =0 (2.4)
e £ 2 AR UE PR 2 s 0 o T

d 2.5

Ef(u2’¢2’¢1):0 ( ' )
FPRENQAFEE T A TT AEEAR 7 27 6 P T - L R A gt U AUk

A R G T S R A E IR G 2 3B M HRE AR 7 7 G b ehEE o R
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M RAZE L AR Plipt 7 oo P2 B A G

d (2.4);8 % (25587 & w)iz
OR} du, " oR} do, —_y™

ou, dt Op, dt "

o du,  of do, __of dg
ou, dt  Op, di 04, dt

F#258(2.6)% 2 RY 257 7 6 3 A28 & 7 2 AR &

BT RS 5N

Bl pFig w2 o

(2.6)

2.7)

S, (X YppZy) » VIR Z 7 7 % X,

n—

PpE R R BEAR ST G X, R R B2 AP R 02 4250 (2.6)% (2.7)F 1T A

Sl Al Il S S

[ox™  ox™ ]

a2 h

ou, 0@, [y ]
— xh

ay " 5)/ w du 5 _ V(hZ)

u, 0@, | dt |_ Ly

mh ot | do |7 Y

ouy 00, LA =S

o hodt ]

| Ou, 0o, |

(2.8)

AR (2.8) 7 teerE — fE22 & T E 2 G (2.8)5% 2 3 4B L (Augmented Matrix)

ifk(Rank)% Jf 2 = > @ ¥ 2 & PR T

Ox ;h) Ox ;:h) Y
ou, Op, “‘h
(h) (h)
A1 _ é;y 8)/ _V;ZZ) -0
u, 0p,
d¢
Log Y
ox ,Zh) aLZh) V™
ou, Og, "
(h) (h)
A, = oz,” 0z, _ve |20
ou, 09,
d
‘f’;z f (2} - f¢/ ¢1

25
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(2.9)

(2.10)



Wy
ou, Op, o
A= gzzh) Zzzh) v |20 (2.11)
u, ?,
d
f"z f (2} - f;z ¢1

M )
ox,” Ox, _ vy

ou, Op,

(h) (h)

A = () /A /A AV
ou, Op, v
oz”  oz"

h h

Ou, 0,

~0 (2.12)

(h2)
- Vzh

FARNQRIY)EEE SN FE IS AFNQNIQRI)F; T RFA G, P HRE

2

S & N\ 24 o PN
ESI AN S 3 WY

3 = TB; ;\f‘ﬁ—_"g{u o, $r¢ ?_ "% ;IJ 5] ‘\ g e ™ Z_ ;»’E.zgfl\ r’:l' I I
flu,,0,,8)=K+A +AS =0 (2.13)
fuy.0,.8,)=0 (2.14)

B A2 (213)2 (2.14)7 Amz o Y F R B4 2 B RArd F 0 KRS ET R

Q% Fe - BE k KfE - B e, 0 RUEEXLS - HEI

!

V- w2 u,frd, o Aot T T EOERER 7 7 B Al SRR G H R Bl
o
2.2 7 4] RS2 § 5

W 201 A MRERR G S B RgR Lt 2 4258 (2.13)% (2.14)5 s m e
K RFRE R R e & B2 2 A0 Bt b)Y Rk BB A UE fh & A
Fitthdhd o B2 PR g AMEH A ® G PR SET > g H e ¢ RS

I AR T VA TR TR S SR R ¥ e

+ = 2
’ quz\'TF [

#m Sl Bz TET FTR 2.1 X =3 RS G ZApF $HHLG o AT
adhG B R Z-0mm B G Bdhg =5 SRR S Ehy A ek 22 3

22497 cBFHBRF FET I R AR LT FRY EHE G B DR
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-

# 2.1 #i%A1R 7 H 2 ¢ 1 Sk

B e S B
B RS e O
oo i e g > e =
s Bl 2 4 5 (7) 45°
Hafm2 Y1E k() 15°
Hafm 2 & 12 f2(r,) 60.045 mm
P s EER(S) 72.045 mm
o 35 Be(T,) 29
® 7 S B(T,) 3
B2 RS E(a) 20°
F7OEARAE(A) 30°
B E e ficdi(m) 4.0 mm
F7aFIEiE(n) 12.0 mm
E2HEERZ EA(p) 7.255mm/rad
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%’ﬂzf{%ﬁ%i%m W LEcE u,ig Tl w21 T?%@F\ Pl HE-A A R E IR G
%A & 5 14.5°420.0°422.5° % 25.0% % & 21 T'F%E?]/»\ Yl & 8.0mm<y,<17.593mm-~
8.0 mm<y4,<18.09 mm ~ 8.0 mm<y,<18.887 mm ' %2 8.0 mm<y,<19.253 mm- 7 £ 11 %
22(a)% (D)2 A 478 % 5 b § BRI FI 2 Ph & 5 y=45.0°pF2 GRS & g =145
TOVERA RS G Y = 2 HEimd G %&uz%ﬁﬁ\ » £ _13.858~15.466 mm » #
FRdo LRFEr LYot b B & AR AP RAb e 27
# % =0mm = ¥ 5 =13.858 mm B??%ﬂi!«!&«fj&:':i?u; R4 =200 &K+~ 4H B
A 23 17.575mm > B 7 R % AP RO o =14.5° FF§ fAF DTS L o =225 > A

+ R g5 18865mm ¢ ® B iF A+ 1 TS 18.887mm & & #1T 0 fdh d D
A fpleh S (Z B % =25mm & -25mm PF) > H it ek in e b BB Bofs F R4 &%
a=250° & 22(0b)¢ var, A Z# G £ 20mm & -20mm pF o H A R gl it
B Bh 2 1 iFEFR Rt R EE RS DF L o F o d PR
TR FRA AL AR ESPRE G PR

% 22(a) $h & 45.0° FFy 2 %1 (H = 0 mm)

£ S o =14.5° a =20.0°
£ 7 =45.0° 7 =45.0°
Z 1558 UzR usL WR

-25.0 14.792 15.466 16.492 17.575
-20.0 14.433 14.920 16.099 16.872
-15.0 14.154 14.488 15.797 16.323
-10.0 13.961 14.169 15.592 15919
-5.0 13.860 13.960 15.495 15.651
0.0 13.858 13.858 15.512 15.512
5.0 13.960 13.860 15.651 15.495
10.0 14.169 13.961 15.919 15.592
15.0 14.488 14.154 16.323 15.797
20.0 14.920 14.433 16.872 16.099
25.0 15.466 14.792 17.575 16.492
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# 22(b) $h2 % 45.0° Fy, 2. %14 (H = mm)

£ a =22.5° a =25.0°
£a 7 =45.0° 7 =45.0°
Z L WR L WR
-25 17.520 18.865 18.744 20.420
-20 17.104 18.059 18.301 19.485
-15 16.786 17.435 17.965 18.766
-10 16.575 16.976 17.744 18.238
-5 16.479 16.670 17.650 17.886

16.507 16.507 17.694 17.694
16.670 16.479 17.886 17.650

10 16.976 16.575 18.238 17.744
15 17.435 16.786 18.766 17.965
20 18.059 17.104 19.485 18.301
25 18.865 17.520 20.420 18.744

ez (a)% (b)*7T77 » fh & y=30.0° fp >t 4 = (a)% (b)z y=45.0° Prerd B BL >

1 Z#EH=0mm * ¢=20.0°kF > fy=30.0°&y,=13.252mm @ y=45.0° L
w,=15.512mm » X B G M S F L 0 X W 2 ZE G P BeanE Rt
FARLT o By, 2303 15.0~16.0mm 2 F 0 LR L w ()5 (b)) mH B 7 RS
by e RALBBY 2 A o B & y=60.0°2 y=45.0°2 B+ £ ¢=20.0°T %
g ek T (a)F (D)9 0 IR E G Sl 2§ A 16.654~22.592 mm 0 F
FRBECERLARFREENRS > AZE0 5 15mm £ -15mm FF o BRm % 5
CERBALAF ARG o m Z=0mm 2 ¢ L g > AHATR L AR

-

£2.7 S RE2 g ARG B AL o Rip 2 AT REME L2 3 4T BE

3

v fh A B HARA 4 'é’})—" Nl RV - ﬁ']’%\;iﬁ%ﬁv@ FFiE 27 crvgd 4 > F] Lo ﬁfg%
®h LI ARF HA G B R A AR d T SR AT Y AT 2 8

1 HR S e # o5 BF N 2 AT RESN 2 A
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% 23(a) B & 30.0° By 2 % 1 (F = 0 mm)

$ i a =14.5° a =20.0°
£ 7 =30.0° 7 =30.0°
Z UL U2R uL U2R
-25.0 12.078 12.254 13.474 13.751
-20.0 11.988 12.125 13.375 13.591
-15.0 11.921 12.022 13.302 13.461
-10.0 11.877 11.944 13.257 13.362
-5.0 11.857 11.890 13.240 13.292
0.0 11.861 11.861 13.252 13.252
5.0 11.890 11.857 13.292 13.240
10.0 11.944 11.877 13.362 13.257
15.0 12.022 11.921 13.461 13.302
20.0 12.125 11.988 13.591 13.375
25.0 12.254 12.078 13.751 13.474
# 23(b) $H2 & 30.0° FFy, 2 %14 (H = mm)
PSS o =22.5° a =25.0°
£a 7 =30.0° 7 =30.0°
Z usL R L WR

-25 14.311 14.656 15.307 15.739
-20 14.206 14.474 15.195 15.531
-15 14.130 14.327 15.115 15.361
-10 14.085 14.214 15.068 15.230
-5 14.069 14.133 15.056 15.135
0 14.085 14.085 15.078 15.078
5 14.133 14.069 15.135 15.056
10 14.214 14.085 15.230 15.068
15 14.327 14.130 15.361 15.115
20 14.474 14.206 15.531 15.195
25 14.656 14.311 15.739 15.307
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+

~

7 (a) e & 60.0°pFy, 2 it (H = D mm)

$ i a =14.5° a =20.0°
£a 7 =60.0° 7 =60.0°
Z UL UzR uL R
-25.0 18.220 19.952 20.142 22.592
-20.0 17.130 18.094 18.995 20.362
-15.0 16.213 16.688 18.028 18.701
-10.0 15.506 15.700 17.280 17.557
-5.0 15.056 15.114 16.804 16.888
0.0 14.910 14.910 16.654 16.654
5.0 15.114 15.056 16.888 16.804
10.0 15.700 15.506 17.557 17.280
15.0 16.688 16.213 18.701 18.028
20.0 18.094 17.130 20.362 18.995
25.0 19.952 18.220 22.592 20.142
# I (b) #h% & 60.0° pFy 2 % it (H = : mm)
PSS o =22.5° a =25.0°
£a 7 =60.0° 7 =60.0°
Z Usr U2R UL WRr

-25 21.308 24.090 22.691 25.786
-20 20.120 21.684 21.453 23.214
-15 19.118 19.893 20.410 21.289
-10 18.345 18.664 19.605 19.971
-5 17.851 17.950 19.092 19.206
0 17.699 17.699 18.936 18.936
5 17.950 17.851 19.206 19.092
10 18.664 18.345 19.971 19.605
15 19.893 19.118 21.289 20.410
20 21.684 20.120 23.214 21.453
25 24.090 21.308 25.786 22.691
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FZR B A2 Y ZK AR 2 B 4 45

3.0 % G B4 A7 L HKE S

TR R 2 R R A TR LT MR 2 R % o5 BF S et 2
R H iz o B0 & lo- BAEL L E 0t A4F o 4oBl 3.1 917 o i 3haR1%
ek &2 R LW B K S,(X,Y,.Z) & R kS, (X,,Y,,Z,) A F S A ZK
pRtr G 2 d 7 TRl R e b o B Y Z hn ZK AR 2 Rl ph e @ Z) b
B MR R ph o AR S (XY, Z,) R E R, 0 oa B kS (X ,.Y,.Z,) A
Su(X o YZo) Bl A w5 84 3 fho 82k T fhb 2 o i LT o Ap$H
$,(X,,Y50Z)) 1S (X0, Y 10,2 ) 2 5% et koo Sl y G e S PR L 4
Lo SEMEREREREZ P SEE B Ay~ Ay e d A N G ERE R B2 kT e

Foifd L E ph EA L E Y CIEEREL o {17 T AR B R HEET S f5

(Homogeneous Coordinate Transformation Matrix Equation) % w € 'L g3 > f2 8 » &

ARG AR 2 R ko BEHE T AR LS, (X,,Y,Z) 0 kT A

RF/‘}) :[Mf,l]Rl (3.1

.(fl) =L, ]n, (3.2)

!

cos@ —sing

sing/ cos¢’'
[M.f,l:l = 0 0
0 0

S = O O
- o O O

cosg —sing 0
[L“] =|sing cosg O
0 0 1

Flt 0 ZK ﬂ']i}%ﬁc #m > ﬁi)f % T L_S (X/, Zf)@_%%—,f‘ v
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X, cosd - Y, sing
X, sing + Y, cos g/

R = (3.3)
S Zl
1
B X~y ez, RIS AT S BT B ARt S Rk 2 U A28 (1.6) 0 B AR

F(B3)E T A B e £ S AR I 2 o T S ZKAIRE 2 G 2 AR A on

S,(X,,Y,,Z,) Btk & o
=bhsina, —(4, pcot/i) 9" +(4, cotA+ p)sina, tan @ (3.4)
0s
~ZKAEE 2 B e £ 2 A7 AR AR S (XY, Z,) " 5

n, cos@ —n  sing’

nY =|n,cosg +n, sing’ (3.5)
nzl
Bén,vn,2n, 5727 Ba2de im0 42N (18)¢ o B I T A

A B AR EE S 2N 2 B S RN T MR S e S AR 2 P H g2

EEHI AL LS, (XY, Z )T

RY =[M, ,][M, 1M, ,1[M,,]R, =[M,]R, (3.6)
b1
n(fZ) = [Lf,fz] [sz,fw] [L_fw,_/i/] [Lfv,z] n, = [L_/',z] n, (3.7)
bl
1 0 0 4
M, = 01 0 O
SO0 10
0 0 0 1
1 0 0 0
0 cos(y+Ay,) sin(y+Ay,) 0
[M,]1= .
0 —sin(y+Ay,) cos(y+Ay,) O
0 0 0 1
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[a—
(=)
- o o O

M, . |=
M) sinAy, 0 cosAy,
0 0 0
cosg, sing, 0 O
—sing, cosg, 0 O
[va,Z ] = ? ?
0, 0 1 0
0 0 0 1
Fle
CosAyy cos@y cosAyy sing; —sinAyy S+A]
b, b,, sin(y+Ayp ) cos Ayy 0
[Mf,z] = b b
31 3 cos(y+Ayp)cosAyy 0
0 0 0 |
cosAy, cos¢, cosAy, sing —sinAy,
[L,,]= b,, b,, sin(y + Ay, )cos Ay,
b, b, cos(y +Ay,)cosAy,
bl

b,, =sin(y + Ay, )sin Ay, cos@, —cos(y + Ay, )sin @,
b,, =sin(y + Ay, )sin Ay, sin @, +cos(y + Ay, )cos ¢,
b,, =cos(y + Ay, )sinAy, cos¢, +sin(y + Ay, )sing,
b,, =cos(y + Ay, )sinAy, sing, —sin(y + Ay, )cos ¢,

Flet o R 2 U A2 R, (121~ 3 4258 (3.6) > T F RiFHRE L & G fuph

A RS, (X,.Y,.Z,) Rtk 4T

X, cos Ayy cos@y+Y, cos Ayy singy —Z, sin Ayy, +(S+A7)
by X, +byy Yy +Z, sin(y+Ayp ) cos Ayy (3.8)
by X, +b3, Y, +Z, cos(y+Ayp ) cos Ay, '
1

2 _
Rf -

B Xy, frz, BIA B AR B B A2 (1.21)¢ o B RN (3.8)8 T ek &

AR TG MR %G AR TS (XY, Z,) Btk e

N,-V,,=0 (3.9)
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L %‘iﬁ%i‘&v\i Y Tiféré"g_nz IR -3 \(3 7) e F@ i’fgﬁﬁ»wm H =

Fe AT RS (XY, ,Z,) Btk T

’ s ! .
Ny, COSAyy COS¢h+Ny, COSAyy singy —nz, sinAyy

n_(fZ) = by Ny +byny, +0z; sin(y+Ayp ) cos Ayy (3.10)

b3y, +bsyny, +ny, cos(y+Ayp ) cosAyy

"/E\ v nxz \nyszrnzzﬂlj’l”\vdj T ?i5%7 ‘»n"]'/z"?':%_ ’ ?\T—}"\ SQH* ,J —7»:’- 'B;%'T;"E’fj

EhEL gy
Hate R hiE e & B pF > BEER G D frdRihd g 2, 3R Ldpr 2 0E 2 o
G b g 2 BRI M 2 E AR RS G 2 T b o Ao ] 3.2 T o

0 ,ﬁﬁf&btsﬁfgmr BB A ET A Sf(Xf, Z )a A 2l I 5_-5, & 5

Hr2edEm FP S RT3 H00

R’ -R{” =0 (3.11)
%
ny’xn’ =0 (3.12)

FAENGIDAT ZK AR Sk el AR Rk 2 b tE e B S -
Flpt o ZK ARt S iRd e B B2 XoY feZ w2 A2 4p 8 m e L2 2 BES.
FARNGA)R £ T ZK Aep Sk el SRR S E e R RA W

ARG HEZe B2 hFENE B2 NGI)E T A B S RN > FLH =

el R E LT P EAnD =1) 0 ptoh o A Bk AN aEE I E & § A

SHRHE 0 £ F B el S S AR T A0 T AR TR R e B2 R G 1Y A 4T
RE R S B AR R AR BA Tl Fpt o AR R el B E G 3R A 471
BANE ZHB = B rEie B2 A REN A B En2e B2 2 B AN
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ABEESENE S BH AN RRBEABATE 4,00 ~u, 0, P
e, o B¢ 02 @ d7 B X EEEFERZ S G K58 w, 0, 2 A RIEF
B2 pI NG 7 27 B FHE A S FE Rl T b 8 2 AR IR
feu ¥ Ao X QTR Sl uy, ~ 0, 8GR E RS Sy G R RIS A
Prdef A 47 P RR R 2 g £ S licg) B G R R BRI B R T A 4T P 2 & B2 g

i—_ o

B 32 A& @2 & &R %E

()

R R I HREE B 0 B A BRRS B LSS (0 Tl R It & g3 G

a4

G degt - ko HREEERR 2 & G R AT TS S B AR kR RS B A vl
BB AR T @ O B A 4702 R R R A R TR R 2 iRk 2 HE
B Sl > BT R el S 2 BRI A N T 4 T R

A@=%—iﬁ (3.13)
B T e, ~ 5 5 ZK 3|t B ihfh2 & 8o ¢ 2 @) B A W) 5 ZK 3] 4RfE foim sl frd
L2 AR - g, SHRTEZ BRMZ R AR M GG AR TS A
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%:mZh :M (3.14)

Y 0,2 05 5 il GHRBh2 S R c SR B - BT TR A A
TP A 2 B 1 R AR AP ST S g Y e i JR i &k A A S A
Bt b o RFEL A hEE IS PR F E RET e F L A R
SRS R BT ] BRI g T SR o PR R A S R e
B L R o3 BEBMT R TR S TR EA G Ad ke
e At & 5 B~ 4% Bh(Sampling Points) » JE 4k Bh P P 2 Hff % B (S 451
B2 BRPEARM S B G R R MR & B - PATR B AR R T A B R D
PR B

R S HRALA S BT 1 R PR S B - A RS
#oo F s AP R A B B T SRR A TR L E R EL Y Ak
A mERFAE TT AL KBERASE BHE F T A BERELY R
e R PR RS G © 0 BRI - W o v T R MR R PR AR BT A
A ZHded o HRFRESEL PR > B2 FHF L0 AR EEE
HEE e R RS e Tt AT Y o I TSN RS B A AR 0 3 E R
GRS E R DL R U N S L e
Gp > P F LA EE R R - Bl AR F %J‘M&fﬁ*}&iﬂévﬁzﬂ > W F T R
HRfm e 2 Fff vt CR o 4o 7] 2 50 97og

b — s
= 360° )T, (3.15)

LT kg b e 2 2 R A TR {1 R i e AL S B E ) R b
BRE TR MR 2 B B R
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3.3 MR iR B2 R HOE

AR E AR DT NN S R B AT T 0 iR kA R e
WEfh 2 B o T MER S BT o AR AT o207 Sl R iE
T R R R 2 1E SR AR 2 R o MR R 2 4 R R Sl o

3.1 #771 o

% 3.1 sRfsdRdh ez 4 &R S8k

b5 % 5

i o e liom mmiceh)) 4.0 | 4.0 | 4.0 | 4.0

# i 3 3 3 29

Eo R4 ba, | 200 [225°] 25° | 20°
Yy 45°

Wl ZK AlgEtE B d H# 7 TR 2 sRin T Apfe it f o R g 2 e R4 & 46
5 20°522.5°% 25°2. ZK A|#R4E 22 20°% 6 2 e B4 &2 sRiheE S 0 H iR MR &
Ph & 5 4500 TL R e R T 2 A (KE) ~ 29 B 22 3200 (CR) ©
ET GBI A S BRFE A 32332 349757 c B33 &7 A k2
Bk e A A2 ZK AR 2 2008 G 2 o B4 b2 HRIGS Kb & pF o HpRR R
7 hHR S G bt o Bl 3.4 AT 5 20°0% 6 2 e B4 &2 ZK 8R4 RS
Frbh b H g AR EA T AR G i S o LWl AL SR
0 20%% g 2 e B4 &2 MR BRI A B AR IR T (g KR A ) E 0 2
B R A AR E R RS R b o T A Dl R Y 0 4o R 3.3
BRI 3A T o d WP RRE A EHF S AEF kLY > T F 2 B R i e
2 %50 o e L RIELP Y AR S G SRR LR g b oo Tt 0 FRT
% ZK Al Hpts p) S P2k o B4 4 L 225980 B 25°PF > PRt iR e 2 SRR RE2 H i
g% bR G b o o] 33 4T o
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A R4 =20 O—o—o—o—=°

R4 A—205°
A—A—A—A—A

e B4 & =25
B33 3 lpize B4 &2 ZK Jaffe & 20%% » B4 & 2 ofifh 0 5 Fed £ P H 3R] 80
71 BdpEE § 1 P

BFde(GE” %)

F il B L

ijngir o (3‘5*7 ?F)

B34 o R4 bR 5 202 ZK UM St - 5 b £ pr R RITBA 7 Al

8 R S
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%32 R ERRIRT &G 2 e R4 & 20°2 HEE 7 20085 2 20 )

@ (deg)| @ (deg) | O (deg) | @, (deg.)| u, (mm) | @, (deg.)| @ (deg.) |KE(arc-sec.)| CR
-196.0 | -20.27 | 166.48 | -230.51 | 16.80 | -290.38 | -254.69 0.0

-160.0 | -16.55 | 16648 | -194.07 | 16.80 | -253.94 | -218.69 0.0

-120.0 | -12.41 | 16648 | -153.49 | 16.80 | -213.36 | -178.69 0.0

-80.0 -8.27 16648 | -112.78 | 16.80 | -172.66 | -138.69 0.0

-40.0 -4.13 16648 | -71.91 16.80 | -131.79 | -98.69 0.0

0.0 0.00 166.48 | -30.81 16.80 -90.68 | -58.69 0.0 3.76
40.0 4.13 166.48 10.61 16.80 -49.25 | -18.69 0.0

80.0 8.27 166.48 | 52.50 16.80 -7.37 21.30 0.0

120.0 12.41 166.48 | 95.06 16.80 35.18 61.30 0.0

160.0 16.55 166.48 | 138.56 16.80 78.69 101.30 0.0

200.0 20.68 166.48 | 183.35 16.80 123.48 | 141.30 0.0

3033 WA KRR T da F e R & 22,502 HEE 8 20852 11 1)

@ (deg) | #;(deg)| O (deg) | @, (deg)| u, (mm) | P, (deg)| @, (deg.) |KE(arc-sec.)| CR
-196.0 | -20.27 174.67 | -219.42 14.08 | -264.84 | -246.40 0.0
-160.0 | -16.55 174.67 | -181.95 14.08 | -227.36 | -210.40 0.0
-120.0 | -12.41 174.67 | -140.05 14.08 | -185.46 | -170.40 0.0
-80.0 -8.27 174.67 | -97.82 14.08 | -143.23 | -130.40 0.0
-40.0 -4.13 174.67 | -55.18 14.08 | -100.59 | -90.40 0.0
0.0 0.00 174.67 | -12.07 14.08 -57.48 -50.40 0.0 3.77
40.0 4.13 174.67 31.60 14.08 -13.80 -10.40 0.0
80.0 8.27 174.67 75.90 14.08 30.49 29.59 0.0
120.0 12.41 174.67 | 120.85 14.08 75.44 69.59 0.0
160.0 16.55 174.67 | 166.43 14.08 121.02 | 109.59 0.0
200.0 20.68 174.67 | 212.53 14.08 167.12 | 149.59 0.0
%34 mRERRRT G 2w R4 & 2502 HRfE 22 20°8R 62 20 )
@/ (deg.) | @, (deg.) | O (deg.) | @, (deg.)| u, (mm) | @, (deg.)| @, (deg.) |KE(arc-sec.)| CR
-200.0 -20.68 179.49 | -216.58 1243 | -247.78 | -240.81 0.0
-160.0 -16.55 179.49 | -174.26 1243 | -205.46 | -200.81 0.0
-120.0 -12.41 179.49 | -131.60 1243 | -162.81 | -160.81 0.0
-80.0 -8.27 179.49 | -88.56 1243 | -119.76 | -120.81 0.0
-40.0 -4.13 179.49 | -45.08 12.43 -76.28 -80.81 0.0
0.0 0.00 179.49 -1.13 12.43 -32.33 -40.81 0.0 3.85
40.0 4.13 179.49 43.29 12.43 12.09 -0.81 0.0
80.0 8.27 179.49 88.20 12.43 57.00 39.18 0.0
120.0 12.41 179.49 | 133.52 12.43 102.32 79.18 0.0
160.0 16.55 179.49 | 179.15 12.43 147.95 | 119.18 0.0
200.0 20.68 179.49 | 224.96 12.43 193.76 | 159.18 0.0
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5l 2
W ZK AR B d 7 Al 2 SRR T AR S 0 RS G e B &
22592 ZK MRt & G ke B4 & 5 2002 sdh 0 HERI MRR R 48 & 5 4500
B AR L E R SR
R A AT 18 0 SRR MR B2 BT de A 3.5 2 4 3.7 2 3.5 1 W 3.7
S e Sl AT R R BT MR R 2 E L R B KRR L 2R
T S B E P i AR R L PR Eh L 0 d £ 35134372
BB Wi b B S % 2 Bhe ERL Ay, = 0.1%4p O R E L
A =02mm &KL ph EFEL Ay, =01 > ST A ehiERRLE LA 0~ B
TRV 3.86 Bl 3 B o M EREL ki LE fhe AL GREE AR E 6 B A
FAZBPRIZF AR5 IR 3T B R FE L R GABTRT I R IR
Ba o R ERELE S > R R FE L i) £ o d TR R
B2 BfR R 38 1) R3S IW 3T ML ERELART ARG A §F A

Wil Gdph g prE IR B 4 o

% 3.5 ¢ B A4 =02mm s SRRk 2 1

@ (deg)| @, (deg.) | O (deg.) | @, (deg.)| u, (mm) | P, (deg.)| @, (deg.) | KB(arc-sec.)| CR
-189.0 | -19.53 | 173.53 | -213.54 | 14.36 | -262.54 | -242.44 1.22

-160.0 | -16.53 | 173.46 | -183.53 | 14.38 | -232.70 | -213.58 1.08

-120.0 | -12.39 | 173.37 | -141.95 | 1440 | -191.38 | -173.80 0.86

-80.0 -8.26 173.26 | -100.11 | 14.43 | -149.81 | -134.02 0.61

-40.0 -4.13 173.15 | -57.96 14.47 | -107.93 | -94.25 0.33

0.0 0.00 173.03 | -15.40 14.50 -65.64 | -54.48 0.00 3.8
40.0 4.13 17292 | 27.65 14.54 -22.81 | -14.67 -0.38

80.0 8.26 172.83 | 71.33 14.57 20.71 25.19 -0.82

120.0 12.39 172.78 | 115.79 14.59 65.15 65.17 -1.30

160.0 16.52 172.80 | 161.15 14.59 110.70 | 105.30 -1.83

200.0 20.65 17291 | 207.45 14.56 157.41 | 145.62 -2.36
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- 0 L
8 !
i -800 200+ 400 600 800
= -1 [ !
= !
|
2 2k !
|
!
3 F |
=4
SR & B (deg.)
B 3.5 7 SFEIEA 4, =0.2mm ﬂz,fﬁ%& t,fgsté—s:@i EH L
%6 TE e L Ay, =0.1 4Rtk MR 2 B )
$\ (deg) | @5 (deg.) | O (deg.) | @, (deg.) | u, (mm) | @, (deg.)| ¢, (deg.) |[KE(arc-sec.)| CR
-198.0 -20.47 17498 | -221.17 14.03 -266.53 | -248.38 0.53
-160.0 -16.54 17493 | -181.66 14.04 -227.18 | -210.51 0.47
-120.0 -12.40 174.87 | -139.84 14.06 -185.55 | -170.67 0.39
-80.0 -8.27 174.80 -97.73 14.08 -143.66 | -130.86 0.29
-40.0 -4.13 174.71 -55.27 14.10 -101.48 91.10 0.16
0.0 0.00 174.60 -12.41 14.13 -58.95 -51.37 0.00 3.86
40.0 4.13 174.47 30.90 14.17 -16.01 -11.68 -0.21
80.0 8.26 174.32 74.74 14.21 27.41 27.96 -0.49
120.0 12.40 174.17 119.15 14.26 71.40 67.59 -0.84
160.0 16.53 174.01 164.16 14.30 116.00 107.24 -1.28
200.0 20.66 173.88 209.77 14.35 161.28 146.94 -1.80
11
!
6 :
,,-800 -600 200 i 400 00 800
g -1or :
5 !
<) |
v, 2 |
|
_3 =

4
=4

S5 & B (deg)

F13.6 £3 pho i Ay, = 0.1 4Fi sfth 2 6354
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307 KT L Ay, = 0.1 H 1 HE it o 2 BT

@/ (deg.) | @, (deg.) | O (deg.) | @, (deg.)| u, (mm) | @, (deg.)| @, (deg.) [KE(arc-sec.)| CR
-200.0 | -20.71 | 174.88 | -223.03 | 13.98 | -267.78 | -249.93 -1.88
-160.0 | -16.57 | 174.91 | -181.29 | 13.97 | -225.95 | -209.84 -1.51
-120.0 | -12.43 | 174.95 | -139.27 | 13.96 | -183.84 | -169.75 -1.14
-80.0 | -8.28 | 174.98 | -96.91 | 13.95 | -141.40 | -129.66 -0.76
-40.0 | -4.14 [ 17501 | -54.14 | 13.95 | -98.57 | -89.60 -0.38
0.0 0.00 | 175.03 | -10.90 | 13.94 | -55.30 | -49.56 0.00 3.81
40.0 4.14 [ 175.02 | 32.84 | 1395 | -11.57 | -9.56 0.38
80.0 828 | 175.00 | 77.15 | 13.96 | 32.64 | 30.38 0.75
1200 | 1243 [ 174.94 | 122.01 | 1398 | 77.33 | 70.27 1.09
160.0 | 16.57 | 174.86 | 167.35 | 14.00 | 122.42 | 110.09 1.40
200.0 | 20.71 | 174.75 | 213.08 | 14.04 | 167.84 | 149.85 1.65
3
2 [
I |
| l
8 ! |
2l 1 I
g P N
& -800  -600/ -400 -2@0 | 2005 0 600 8
| l
| |
D or

Q
=J

BEd & R (deg)

Bl 3.7 kT dhw 3£ Ay, =0.1 sk s o2 Fh i
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Fr R &7 AN LR ZK R 2 R e A 4
Bt &z o brd £ B L RBRM LR d FZ R 2 A BEHGLATEE

EE o R o - S B Ak & EFFS G RE g Kl

{:,e,

B R gkt
AR EA 0 FL 0 B &g iR ¢ SO DBE R S - B R IR B
R %) % st A5 % & (Contact Pattern) o 38 ¥ i3 B 42/ % 528 07k 4§ 23T
EFA; o Fletx F 5 fF#FF] (Contact Ellipse ) o # @2 35§ & B0 v 120 % T "o fic @ i
FE A d FRE R RE

Tt ERERHET K Eer @Rk REFERH S 2 E R S R
2B - BEEBOE e FEH - B2 o ENEERRR B LIRS
2o FIf o 24 B RNk RN L ﬁ*é?rﬁt*' FIEE Y - B
Pz do b ARSI AT R G B T el E RS N P
# * Janninck [15] 73 412 Ff§ % & *b2)(Contact Surface Topology)i (™4 ™ f f-# &
hAGE) o P2 RS R S R AR S AR > B R RHIT S S e R
EZERER ) (X5 0.00632mm) 2 G F P 0 Fled & R L AR K- 5 W G 2 3% 1F
fEEE g A REARIE S RITFAORE TR SR FIX A LR B R
BoWi A& ofphmn 3 oS e M2 REE P 2 FTRER RS G ¥ 2
P o 2 BN T R rREcE T B R e SV R T ek i e

#g b H RiheB 41(@) 7T B P Op i de D2 X, 2 g e n i

B e RO 2 FERZeE 0 TS 3 %6 2 X F* T4 (Tangent Plane) - %

k!

PR E AR Sy (X, Y, Zr) S A s 0 HOAR kBB A d G 2 BRI
OrEé  ZrhE R i d o Effgirizeink oo F X — Yy Lo %

.

Fdm 2T G oW oA

& A HCER R ed & AR BT e A
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H-Fl G [ EE] A A AR

gjlfmsvi:—‘qnpl]};\;a}%_ﬁa-&s,& o F]pL o, B W ﬁt
ERHER AR BT e B IER oo BFEE ] 3t 2 dik s

R T L B
H o

(a)

“%‘
PR A 4 D
e VER/
=T e ——
// 7 ////Y T~ T
-
// // n ;/ T
s // A
fRe - O, r
7
//// a X 9T 2
e
/ 7 T
/ s/
/
(2)
4 @

(b)

B4l e &dg HH TG b HE

*
=N

N
N
e
ot s
-\&

Zipuz KRG & iz do 2 AR I BRER D S AR
2 JE T N

2 £ TG AR 4 Sy (X, Yy, Z) b0 R

w0 o] 41(a) 5 0 3R E A R

-t

F X fhdk- Op b2 1

o2 B enped o B 4.1(b) 5 HE - BOp&m i nFr>

é.m @] s od 2 F‘g’]”fr ’ "'ﬁi—ﬁ *m > ﬁi;‘ﬁ#_ﬁ’j_*?—l i @_*gf‘/?‘ ST(XTaYTaZT)j‘
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oG PTG PR EST A Zp e XL B ARG A Zp bz SRS
R G ET LA &G 2 B ped o § 358 T 2 MRS N 22 3E4 % /] (6.32um)
P gt Eh B PRt - Bho ik e gt Bh2 tR AR E (1,0) 0 FHEF R TR -
BOpEEAFEF L I TP REL PR B hipit gl n oL Bl &

%{*ﬁ-ﬁa # B evh q; o

Zq

I Xm X

Zm 7.

Z;

S . Yo,Y;
0:0:=D, I+ py jf+ |

Fl 42 f&ffsh 3 % 6 b iRH G

R R I D R S LI X T R )
St(Xp,Yp.Zy) > 4ol 4.2 507 o 80 B4R Sp (Xp, Ve Zg ) 5 ode i o2 A L8 1
o BAR S (X Yo Zoy ) 108y (X o Yoo Zy ) 5 B85 AR 6 » 8 & 5 Z 0t Z, 2
G h o g RPIE Zr P Z e Bk o 2R v B Red AR K Sp(Xe, Yy, Zp ) D R

B S (X, Yy, 2y ) 228 5 B gl B A28 o
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RO =mp M, M, RO 4.1)

=M R (i=12)

He
1 0 0 —py
M 01 0 —p, ,
mETo 0 1 —p,
00 0 1
10 0 0
M. - 0 cosd —sind 0 ,
M0 sind  cosd 0
0 0 0 1
cose 0 —sing O
N 0 1 0 0 ,
T ™ sing 0 cose 0
0 0 0 1

ORIz t T AR Se (X, Vi, Zy )t T B & S (Xp, Yy, 2y ) 2 B = A AR
i e o

cos¢ —singsind —singcosd —p, cose+sing(py sind+p,cosd)

cosd —sind —py €0sd+p, sind
sing  singsind  sinecosd  —p, sing—sing(p, sind+p, cosd)
0 1

Flpt > T B ZK AR 6 S AN AT AR e T AR5 Sy (X, Y, 21 ) 4o T

R
RV = RyT(l) (4.2)
R

Rxf(l) COSE —Ryf(l) singsind —sz(l) SINECOSO — P, COSE+SIng(py sind+p, cosd)
= Ryf(l) cosd —sz(l) sind—p, cosd+p, sind

Rxf(l) sing + Ryf(l) sinesind+ Rxf(l) sinecosd—p, sine —sing(p, sind+p, cosd)

P2 v LRELK? plF 2 dhfnd g > A2 A1 kb T e B4Rk St(Xr,Yr,Z1)

4T
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= Ryf(z) COSS—RZf(Z) sind—p, cosd+p, sind
Rxf(z) sine +Ryf(2) sinasin8+RXf(2) SInECosd —p sine—sing(py sind+p, cosd)
2Py, b BT O BB S (X, Yp Zp) 2 B AR ¢ AL = E

rév'g;af'f’l"a

R0 R
RO R, 0| & RO _|R,0O
R () R @)

@ A uldoF a(33)NF(3.8) &P o

dZp ph B 2w B ik - S o d W42 OB R HRT oo
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% %k
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v W=y &), (4.5)
tan(ﬁT)—;{i((ll)) ; (4.6)
2 ‘ZT(I)—ZT(z)‘=6.32um : 4.7)

49



e AR EEe 3T BATED @ 0y O B 02 5 ZK 3
%ﬁi@ﬁﬁﬁf@ﬁ@hW§ﬁ’ﬂ*i$%i%ﬁ%ﬁ?”%@wTéﬁ”E’ﬂ
FRTES —nine JIH e 27 R Babamp S fee o ¥ 7 REERF
Flz. ¢b2a53 <] o

4.2 Bfq& b

T g )RR ZK A MR 2 7 AN 2 HRBR A 7 2 Rk E R e 2 R
R a R G 2 R B E ) T RR R B TR L He L o

# 4.1 ZK A 4at &2 ZN AldRds e 2 3 & K3 S8k

st 1 [ st 2 [ st 3 | Mt | | SRR 2 | HRHG 3
i* o feemmm/#) [ 4.0 4.0 4.0 4.0 4.0 4.0

# B 3 3 3 29 29 29
ER 23° 25° 27° 18° 20° 22°
Tk y 45°

BSel1

HEE HR S 2 K S licho A 4 T o B 2 2 e B4 & A B[ 5 23°425%4r 27°
dafnz 2w B4 &L 200 AR A B KRREET o FFt ZK AR S E 7 ]S 2
Bt w2 R Er o U B ETE 2 K AT 0 T RS B T R %
Gt AcRl 43 0m o B P T 2 4 d e Rk R & B 180 B 1 180 & 0 F 20
BREgh- BRAErFZ LS B9 Al kTRE - BAL o
B2

ZK A 2 87 1 2 dRdn e 2 W3t Slicdod 41 m o BRfE L2 e B4 LG
25° Mthz d e B4 & A w5 18° 2008 220 AR GILEERER T > 4F
HEAS i ) &m0 478 5 4o B 4.4 977 0§ Rt 2w R4 & 5 22°8%

¥

B erdng FaTd R o F 2o SRk 2 e R LG I8OPF ) R B B R

,_‘:?
=

FPRETRIGEG ¢ T R L R R A ROT T F (RS & 3 2205 Rk

>

¥ 2 ) o

e W

50



(a)dffs i v R4 £=23°

Bl 4.3 gt R4 & RS 2 P8

(a)¥fdi% o B 4 & =18°

51



Tﬁi}%;fﬂl’;ﬂj— k?gjfvm]: 2 %7 v ZK ﬁ]iﬁfgﬁﬁé 7 ﬁl]]:,‘\:_iiﬁ%i*‘%_ﬁa&,

e g R b g AR H R E d BRI R

I

B AR ITHR B T ke B BRfR W B € G
Kalzgls ] g Y %fﬁaﬁﬁf#? E sl %*g‘ﬁa%ﬁifaﬁiﬁ%ﬁ' w2 TE},%@, S n é_}.,«iﬁ,}&
Ao RS BRI S G 2 AN BRI L AR T 2 R

B Fft o RS A 455 2 7 4o ) PR Rk B R & B O] o F 2

FRAG R LA S 5 S T E A PR MR 2 BT B e R

< o

52



FIR A AF LI ZK Q2§ E AL
EAHe S R0 o R RIREIE LT kA TR BRI g ] & B A T A0 2R

BIREHCA] cha 47 37005 5 £ 5 ?‘@#ﬁf\—"ﬁn‘ A Wb SRR

& Er i | Aok R

w&}
e

Q-kjv

4

5

L8R
A

B0 BRI BT R R PR R el 5 R

=i

o hd &40 4 'L A% (Finite Element Method)e = ¥ 1% #f # o cndi 1 A 45 407
B p gpmm e b f 1T 0l 6 RIS ZRAE 0 R AR B T
St S

v

.s
‘-\ﬂv

L

N

M
i
4

FRE AR A - a g okat g 22 T U R hogAE A o B F

FAIr G REAE AL A2 S

:F);

G hgEA 8 4 [22-25] -
& # Tsay & Fong[26]% Litvin % % [27]91]% & 4% 4~ 47 £ 17 32 & & & e 5> &
BREEEARR BRSO F G gt A Q%?'%Z[ZS-ZSO]
I ¥ FH ~(Gap Element) s A i 2 > 45z adi g 4 A o F & g%
[BI-33]R14I* 5 "VE Az a4t & o e o+ SHI 4 > ¥ - WA BRI

Tk T T g PLH A0 1 [34,35]

1 7 'LE AR AL R WECLE
e PLH ARl o - BRI R ¢ § R AR e R
B ST TE R @R FEE 2 PR AFRIY G UE AR K
AT f T R BRI AT (DB R = & R R R
HE B B 2 dH o ()R 1R HR I R & ¥ % 35 44 (Isotropic-Homogeneous
Material) * (3)#f 1% #f#h 2 5 -] LI S SRNCOR IS XY R

5.0.1 R
A )k neR 1 R e 3D F AR RCA] L R R A RE B S R -

R s iRt B 2L IR k3R = SE 2 HiCHc - U vt (Poisson’s Ratio) 2 115K %

53



BoAedt §F Tk AP O R - BEG 2 K AHPET T

o

W o L i 2 A By LR B 6 83 G UE A SR 0 3 kol

HEFEAL I Fhd A%  HHERFEFHS S d 2@ § 0 &40 H4
bR RS B R R S Y B 0 P P R TR 2 PR AP MR flide & 5.1 e
%51 HiEERE
R Sk AISI 1045
M 8 (MPa) 205.0E3
¢ >t (Poisson’s Ratio) 0.29
% & (Kg/mm’) 78.5E-7
A & (Hg) 350
512 7 "LE A
AL % - o N8 A 2 R ZK A)eEE 2 & 6 eF s

TR A AN 2 Rk ZK MR 2 & 6 BhA 0 £ oSgh A% ~ CAD #iH T

ViR iR R R 2§ U F A TR A > 4o 5-1 - §1* ABAQUS/Standard
ZpEAL RN T BB 4RO e g F RE 2 I B
AT R 2 H0R] 0 Ao ] 5-2 7O o AMETERE B aRdn 2 RS G 30 0 TR R 5 30
BB AR ER P I T RBLBRAAFEAL S PHAE TG TS
PE 2R 4 VEARERSOS G ZRS o

52 Bffe 2 4o FiEk
F 'LH 7447 508 ABAQUS/Standard ¥ o HAEfE A T2 ®EE F A INA B

W2 EAREEELL TR AR T L SAHE - 5 Master> ¥ - f85 Slave o

|
by
F_L

ALY o R 5 2 PR AT & G 2 e pule 3K LS Master @ AR 30 1
#iﬁ*fxé\}kﬁﬂﬁ&m‘ﬁ % Slave ér_’ﬁ "LH < o 7804 ABAQUS/Standard # » H 3Rz
# Master } eh&8L¥ F i% Slave > @ Slave ' en&2L% ¥ 7 i35 Master » #7141 » A %

JF7 g irad 2 b 00" MR R MR e A 1T HEA] Y 0 A R E B Al iR $ o &

54



|

Lk

‘e 7

=

Bl 5.1 290" ¥R % R i

B 5.2 290" 4 {% HR i o 2 e 4 10

55



P YRR R L e SRR S e b PPN R L SR

B FIU R R Y R R S A 2 B Aot A A o R G B
% Master » @ #afh#h & B3k 5 Slave o pt #h > S5 pF2 i o EH L G ] i F+(Small
sliging) ® v A B F T o Bed T Ao foug o

5.3 # % i% ¥ (Boundary Condition)# § §*(Load)2 % %

K

é\

FUAEE AR MEA TR R i e A KA BEE AR
FagruF2BIHpd RE2ZBHE D R AAPTHAY 7 A AR G
ghv iz B2 a B 5Y Bl g AR S R h Y iR 2 A2 R e £ o R
& g g il g o PIRK TR R gt g ok RO o SR pd R o ¥
o WFZBIHBpD RE D BRER D RIS PR TG X B 42 F R LR
B Bz K2 2 A R G ik - §EIOR S FL T B d R
TR ETA o - SRR R S AR A AR T LA PTRERL G5
B A & s A0 Fph ke 4w et R R b SR G 2 5o BE o R R R T 4R

A5 2L00"vdh £ 0 2L 00" MR 1R MR i B i 0E 23 2 A 4T HER] e ] 5-3 Ton e

Worm

Fixed Point

5.3 290" WR s wp e o2 G iF 187 f 3k 2

56



54 %% 045

200" RS R 22 1 B R Slichoh 52 40T o R RRER G 2 B4 L300
52325227 > X R dRth L 4 L 545 0 PV uRfE S 3 & - R iR
TR F B AT T AR 53907 > HRE A R85 129,885 B~ MRS~ F #c
590062 B > e~ dfkE 5 219947 B o m ar R HcE X 42,790 8L o A B AR
FE 2 dhts dRih a2 4 A 47 0 K T ZK AlE1E 1 200N-m 2 4= 4 @3 T T ik
W0 B 5-4 3 5-6 587 AN 2 HEME ZK AR 2 R RRET L T2 2 R R
PRz Sdrk o A AR A G B P 0 [ 5L°S,Mises”# 7 von Mises 4 H
B4 E =i N/mm?® e

452 R HRHs 2 3K Sk

SELA X
YR S S P
HE i g < ¥
W e L k() 45°
YR 2 & 12 f(r,) 60.045 mm
s EE(S) 72.045 mm
im0 (7)) 29
e 1% % #(T)) 3
Hate FAz 4 (1) 30°
YR 1% 2 e i (m) 4.0 mm
HRtE & F 2L 05 (r) 12.0 mm
Hats H & B2 Hi2(p) 7.255mm/rad
% 53 F U FZ AT
ZK 7| ot L7 £l = 2 M
el Master surface Slave surface
o Fid Small sliding, no friction
e N Torque applied 200 N-m Fixed

W54 2H 565200 Rl eEme ) £Thoir s Hda RS £ 48523
252 27 A endi g B4 & T RIEEMHE % ¢ & & 4 (Contact Stress) iz 5 &
1495MPa ~ 1101MPa ¥2 935.7 MPa - F]pt » & /it 4 iﬁ-’u&ﬁ*}%ﬁzﬁ%%%% e A
B ) o i@~ iRt ER G G AR T e B o

57



2, Mipee

(Bweg: T5%)
+2.542e+03
+2.330e+03
+2.11%=+03
+1.2072+03

L458d4e=+03
+1.2722+03
+1.061le+02
+2.4892+02
+6.3732+02
+4.25T=+02
+2.1d1e+0%2
+2.487=+00

2
3 1

5, Mipee
(Bvg: T5%)
+1.994e+03
+1.827e+03
+1l.66le+03
+1.4952+0
+1.32%=+03
+1.163e+03
+3.968e+02
+2,207e+02
+6.645e+02
+4.984e+02
+3.322e+02
+1l.6861le+02
+0,000e+00
2

Bl 5.4 ZK )45 % 5 8 8 7 Q]S opdhz b4 A R4 £ 23)



2, Mieee

[ Bwves
+a.
+a.
+2

TS%)
450e+03
246e+03

g, Mimes

[hwe:
+1
+1

+3.
+&.
+7.
+6.
+5.
+4.
+3.
+2.
+1.
+a.

+3

T5%)

. 10let03
.009e+03
173e+02
256e+t02
jiget02
42 1e+02
504e+02
S87et02
B69e+02
T52e+02
835e+02
l76et0l
.795e-02

B 5.5 ZK 2181 & 5 2 & 7 QSRS A G (R4 £25)



+1.

FEEEEEb
HEid WO

+1.337=+03
+1.203e+03
+1.0632+032
+2.357=+02
+8.020e+02
+6.6822+02
+3.347e+02
+4.01l0=+02
+2.673e+02
+1.337=+02
+0.000=+00
2
1
3

B 5.6 ZK A1 HRfs & 5 2 & 7 QSRS A (R4 £27)




342t

[1]Bosch M.,”Economical Production of High Precision Gear Worms and Other Thread

Shaped Profile by Means of CNC-Controlled Worm and Tread Grinding Machine,

Klingelnberg Publication, Germany, 1988, pp. 3-19.
[2]Zheng, C., Lei, J., and Savage, M., “A General Method for Computing Worm Gear

Conjugate Mesh Property: Part 1 — the Generating Surface,” Journal of Mechanisms,

Transmissions, and Automation in Design, Vol. 111, pp. 143-147, March 1989.

[3]Zheng, C., Lei, J., and Savage, M., “A General Method for Computing Worm Gear
Conjugate Mesh Property: Part 2 — the Mathematical Model of Worm Gear

Manufacturing and Working Process,” Journal of Mechanisms, Transmissions, and

Automation in Design, Vol. 111, pp. 148-152, March 1989.

[4]Colbourne, J. R., “The Use of Oversize Hobs to Cut Worm Gears,” AGMA, Technical

Paper, 1989
[5]0iwa, T., Kobayashi, K., and Toyama, A., “Grinding of Highly Accurate Hourglass

Worm Gears-Trial Manufacture of the Worm Grinding Device,” Precision Engineering,

Vol. 12, No. 2, pp. 85-90, April 1990.
[6]Simon, V., “Hob for Worm Gear Manufacturing with Circular Profile,” International

Journal of Machine Tools & Manufacture, Vol. 33, No. 4. 1993, pp. 615-625.

[7]Kin, V., “Topological Tolerancing of Worm-Gear Tooth Surfaces,” Gear Technology, pp.

30-35, November/December 1993.

[8]Litvin, F. L., Gear Geometry and Applied Theory, PTR Pretice Hall, Englewood Cliffs,

New Jersey, 1994.

[9]Litvin, F. L., Kin, V., and Zhang, Y., “Limitations of Conjugate Gear Tooth Surface,”

Journal of Mechanical Design, Vol. 112, pp. 230-236, June 1990.

[10]Kin, V., “Limitations of Worm and Worm Gear Surfaces in Order to Avoid

61



Undercutting,” Gear Technology, pp. 30-35, November/December 1990.

[11]Fong, Z. H. and Tsay C. B., “The Undercutting of Circular-Cut Spiral Bevel gears,”

ASME, Journal of Mechanical Design, Vol. 114, pp. 317-325, 1992.

[12]Simon, V., “Stress Analysis in Double Enveloping Worm Gears by Finite Element

Method,” Journal of Mechanical Design, Vol. 115, pp. 179-185, March 1994.

[13]Simon, V., “A New Worm Gear Drive with Ground Double Arc Profile,” Journal of

Mechanism and Machine Theory, Vol. 29, No. 3, pp 407-414, 1994.

[14]Litvin, F. L. and Seol, I. H., “Computerized Determination of Gear Tooth Sruface as

Envelope to Two Parameter Family of Surfaces,” Computer Methods in Applied

Mechanics and Engineering, Vol. 138, pp. 213-225, 1996.

[15]Jannink, W. L., “Contact Surface Topology of Worm Gear Teeth,” Gear Technology,

pp. 31-47, March/April 1988.
[16]Litvin, F. L. and Kin, V., “Computerized Simulation of Meshing and Bearing Contact

for Single-Enveloping Worm-Gear Drives,” Journal of Mechanical Design, Vol. 114, pp.

313-316, June 1992
[17]Bair, B. W. and Tsay, C. B., “ZK-type dual-lead worm and worm gear drives: Contact

teeth, contact ratios and kinematic errors,” Journal of Mechanical Design, Transactions

of the ASME, v 120, n 3, Sep, 1998, pp. 422-428.
[18]Fang, H. S. and Tasy C. B., “Mathematical Model and Bearing Contacts of the

ZK-Type Worm Gear Set Cut by Oversize Hob Cutters,” Mechanism and Machine

Theory, Vol. 31, No. 3, pp. 271-282, 1996.
[19]Fang, H. S. and Tsay, C. B., “Mathematical Model and Bearing Contacts of the

ZN-Type Worm Gear Sets Cut by Oversize Hob Cutters,” Mechanism and Machine

Theory, Vol. 35, No. 12, 2000, pp. 1689-1708.

[20]Arakawa, A. and Emura, T., “Contact Ratio of Noncircular Gears,” Transactions of

JSME, Vol. 61 Part C, No. 585, pp.2093-2099, 1995.

62



[21]Umeyama, M., Kato, M. and Inoue, K., “Effects of Gear Dimensions and Tooth
Surface Modifications on the Loaded Transmission Error of a Helical Gear Pair,”

International Power Transmission and Gearing Conference, DE Vol. 88, pp. 725-732,

1996.
[22]Chen, W. H. and Tsai, P, “Finite Element Analysis of an Involute Gear Drive

Considering Friction Effects,” ASME Journal of Engineering for Industry, Vol. 111,

pp. 94-111, 1989.
[23]Ganesan, N. and Vijayarangan, S., “Static Contact Stress Analysis of a Spur Gear

Tooth Using the Finite Element Method, Including Frictional Effects,” Computers and

Structures, Vol. 51, pp. 765-770, 1994.

[24]Simon, V., “FEM Stress Analysis in Hypoid Gears,” Mechanism and Machine Theory,

Vol. 35, pp. 1197-1220, 2000.
[25]Simon, V., “Stress Analysis in Double Enveloping Worm Gears by Finite Element

Method,” ASME Journal of Mechanical Design, Vol. 115, pp. 179-185, 1993.

[26]Tsay, C. B. and Fong, Z. H., “Computer Simulation and Stress Analysis of Helical

Gears with Pinion Circular Arc and Gear Involute Teeth,” Mechanism and Machine

Theory, Vol. 26, pp. 145-154, 1991.
[27]Litvin, F. L., Chen, J. S., Lu, J. and Handschuh, R. F., “Application of Finite Element
Analysis for Determination of Load Share, Real Contact Ratio, Precision of Motion,

and Stress Analysis,” ASME Journal of Mechanical Design, Vol. 118, pp. 561-567,

1996.
[28]Filiz, I. H. and Eyercioglu, O., “Evaluation of Gear Tooth Stresses by a Finite Element

Meshing Simulation,” ASME Journal of Engineering for Industry, Vol. 117, pp.

232-239, 1995.
[29]Bibel, G. D., Kumar, A., Reddy, S. and Handschuh, R., “Contact Stress Analysis of

Spiral Bevel Gears Using Finite Element Analysis,” ASME Journal of Mechanical

63



Design, Vol. 117, pp. 235-240, 1995.
[30]Bibel, G. D. and Handschuh, R., “Meshing of a Spiral Bevel Gear Set With 3-D Finite

Element Analysis,” Gear Technology, March/April, pp. 44-47, 1997.

[31]Litvin, F. L., Fuentes, A., Fan, Q. and Handschuh, R. F., “Computerized Design,
Simulation of Meshing, and Contact Stress Analysis of Face-Milled Formate Generated

Spiral Bevel Gears,” Mechanism and Machine Theory, Vol. 37, pp. 441-459, 2002.

[32]Chen, Y. C. and Tsay, C. B., « Stress Analysis of a Helical Gear Set with Localized

Bearing Contact,” Finite Elements in Analysis and Design, Vol. 38, No. 8 pp. 707-723,

2002.
[33]Barone, S., Borgianni, L. and Forte, P., “Evaluation of the Effect of Misalignment and
Profile Modification in Face Gear Drive by a Finite Element Meshing Simulation,”

ASME Journal of Mechanical Design, Vol. 126, pp. 916-924, 2004.

[34]Handschuh, R. F. and Bibel, G. D., “Experimental and Analytical Study of Aerospace

Spiral Bevel Gear Tooth Fillet Stresses,” ASME Journal of Mechanical Design, Vol.

121, pp. 565-572, 1999.
[35]Li, S., “Gear Contact Model and Loaded Tooth Contact Analysis of a

Three-Dimensional, Thin-Rimmed Gear,” ASME Journal of Mechanical Design, Vol.

124, pp. 511-517, 2002.
[36]Liu C. C., J.H. Chen, C.B. Tsay and Y. Ariga, 2006, “Meshing Simulation of the Worm
Gear Cut by a straight-edged Flyblade and the ZK-Type Worm with a

Non-ninety-degree Crossing Angle,” Mechanism and Machine Theory, Vol.4l,

pp-987~1002.

64



PhE g

Fd ek & RIL o XY Befnfie £ B R BORAIS ZK AleR 0 T o
BE ZK A ias d m 2 B B0 o d 3 ZK Flpis S g BF Y 0 LA S g1 R
A2 HRER BT A2 G B Tt L E RS G B T R 2 &
ARRRASPRTE N A RE RS G o ZK AR AP e g ]
Lo n SRR L2 R b TR b2 AR KA ZK Al
ﬂ%@§ﬁiﬁ%@°$pfﬁ%ﬁ?ﬂ#%%iﬁ@%ﬁ’iu%ﬁﬂﬁ7%ﬁﬁ
PPt 2 p R Ee 1T RIS R AR 7 fe £UR VSR KA S MRl 0 set R SRR
BOEE R 2 X R e g RIS M 4 g R 2 aRER 2 F R
JERERL e G SRR A A RERRL S5 L ARRITRG Y LBk S5
AT FIEPREFRELL G T ARG 2R gL E RS G HE R
PEFAE L WLRRS G B AT TR R R B2 MR G 3

WG G R A fodh & DBl % o

AR Y ¢ AR ZK AN 2 S G EF N e d & A 2 aRiR Y o lcd
PR R AR A E 2 2R A2 2L 0003 45 & HRiE R 7 oEk

WA RS S 2 B RN o I e SR T B n T i e 5 B A T iR
SRR AT R MR AR iR R R ST v £ B B A R 2
Bffderensdr o 22200024 4 2 B F C i h 2 2 A R R e AT
ERhRT o BHTFEFHBAIF 2 M % HERR R e B S B
s R B h L o A FT Y R R ZK A L % e R & A A R
27 2w R4 ST T BRI e 2 B 2 RS g o R
Hpdh o 2 JEff AR > A RS AR S X B B e e B
Fom ™ ] Fap o

AF 1% 5 LH 2 L 478508 ABAQUS/Standard » ¥ pid i 2 B R A 47

U AW KR L PR AR R A B R R

65



PRI R REavEAE Y e e T S R

o
%
NS
W
~=t
P
=
N
8\/
4
N
“w
e
&
S
i
B
f-«}
\:"‘\

AT EALERZATRDBERFETREZFATHEIPN S R 0P
LR R LR SR E AR D TR S 1ok f RS Yo i
Journal of Mechanism and Machine Theory » I & 7] ;R [36] > ¥ ¢t e BT AR B 3 2

HAp? P A ks FRALER 2 B BHA o

66



REREFEIELE T < b St ZK BIAR D 1 B e

(3/3)

Ll
g

i B 1 NSC95-2221-E159-010
e w WL 295 = B[ 1[I=96F 731}

BT PIETRIRR A BT R

;5{.

g

JESCRRE-C e
FBHIAITIR © 96 i 7 £ 19 F1Z 25 [

BT AR FIh T A



T Y S

IR SN 58 45 (2007)F 6 7] 29 | 1] el A 100 LEF VAR Fj’ﬁi
TR TR Ty DY ST ST S SIS
FEEE glﬁlhj— ==y Pprll”giu—ijp[EI”%%W/\#%H”WA ﬁ’j}m &&S*W":'T"W
%J%@Jr'ﬁ e M T B S L ke

e 1 B PR B prestooas
HWF AL ol 2 FIRL 2

IR ST SRR IR AR
PRI RGP ()% S I ]‘E’FEDIUFJE et S E
2o b AR LSRRI N f+?<%mﬂ%$ /*QJ ERRFH R S
ﬁlﬁ[*/[gyl[ﬁ};;@n_ﬁﬂ % ?%ﬁg@%ﬂrﬁﬁ%’.‘ P ;J SIS PIRLE]
PRI EIR 1 Jwﬁgmﬁ& R [l 1l

< JF @*W Jp %Ifﬁ i “%ﬁﬁ(quﬁl NN LR s
JE.IEhIA_ T LF _‘I’:T'EEF[ %F[JW#A 45 5@3’1{7[[ §J (ﬂ['ﬁ%ﬁ'2~[ﬁ' 5)
e «szﬂa&‘ b | [ R ﬁ“ﬁﬁ’w
ety R LT 4 U PR
B FE TP el 2R fﬂJﬁm‘uW%aﬁiﬁﬂl il € 28 e l/['ﬁ
BEES T A F&ASME Journal of Mechanical Design HFJI[JEI?TP SEER
FUEE ¢} Mechanism and Machine Theory #F[IG¥ ~ [ 14 f5i T A4S Tﬁ'bi\f
[gsﬁl I/l:[ [Eyllt{&ew IE"#‘IAA I/HF =AT1/ é‘é‘ij [[‘l:’TL”,[u [/J}&y%\l % , :—E—U*jiﬁé
‘HH EF P'—‘}‘ —E{II@’TEH—{% % [[‘l: 7 FLE[ TR ¥Té@—{J /sgga{ﬁjrh{_gfj -,
SzAH ﬁi}w > 2005 ﬁpﬁ?ﬁfllﬁp I ’?‘7%\‘ Meshing Simulations of the
Worm Gear Cut by a Straight-Edge Flyblade and the ZK-Type Worm with a
Non-Ninety-Degree Crossing-Angle” 7 {F 38 # #% &~ F[ = v 2005
International Workshop on Computational Kinematics ° [ﬂ Eﬂ*] 4 T@H\f HEEL R
eSS IkasTTi’ i Eiiﬂﬁ FH] P £,09 Mechanism and Machine Theory 25153
F o FRURL £ (B WOEMRAY- Fe 2006 SR A (R
o\ Mathematlcal Model and Tooth Undercutting of Curvilinear Gears with
Circular Tooth Profiles” 4 L'Tgﬁﬁﬁﬁf ASME Journal of Mechanical Design =&~
] -

E R a ‘%(%FII‘E’F‘JI”J“F:#FHJEI 96 = 7 k] 19 EIE[—r 25 FI -4 R HA = = o EI[
FEEY— SARERE A sy E IS f*hEII_ ﬁJiilzbﬁi%?ﬁ\f,ﬂF’Té}i%ﬁ(Metropolltan
Hotel) =IfL™ Iﬁ f o PP %&Eﬁfﬁm o BT (T FJ 20 f1) BTHEEAR
EULSFSAE A I g s~ F 55 ﬁ (P s Ry [ 2 L

_E[



A ES RS ﬁ?ﬁj)}‘)ﬁhﬁ&ﬁ#ﬁ (Curvilinear-tooth Gears) VHE[7IZ" > ST }]]
#ﬁj#ﬁﬂj ZIE! ﬁﬂfvl B g I WA RN ﬁé*“%j[]%!iﬁﬁfﬁj BRI [l g™ e AL
BT 5 AR IR ey O AERE L MR L S
F[Ljﬁj‘ﬁﬁ,—pﬂiﬁx%ﬁj [r—,gg;ﬁm;,y l&g@ﬁ[@éﬁé« BT bghqwrs% ’éIJ £k

Enwﬁq TR g FIUFFIF_LF;&EIJE S A ) FUFf 3 W’g[

! F”ﬁ‘]‘ﬁm S ST R T Aifiﬂ*%lfﬁﬂ'wﬁ' NER IR AR S
mg;“ﬁ ;;yglhmrg%f | RS I/ﬁf{‘ﬁjﬁf’gﬂd‘yjﬁ‘wi o Tﬁ*f'}ﬁ[— |H &S
wﬁﬁﬁw S EIH R R R S G A
= EE > [l 5,]{,@‘]5{“_‘5&}'[ ;FEHg F'Jﬂ%k”"fﬂfﬁﬂ%—iﬁ”'?@\*ﬁ#’\ [/FJU E[ ?}",FI
ﬁf,ﬁﬂ&%%u%@fﬁﬁzﬁwﬁ o LA SRS T A S . J ASME
Journal of Mechanical Design #4+ IJE TR ﬁl FIT e

POl 23= = SRR RS B S AR AR Al e R R B -

fl‘Ep Ju £u4 R Vﬁ'FT—J é*ﬂ*”‘ﬁ? II‘E’FA?FHJ VEYTOA (T F] 23 |1
R I N el e D I R V1 A VIS S A S i
e USRI sV ey A iF,E'nif + 3 (ﬂ['ﬁ‘éﬁ' 6)~ [fil5 fil FF i 2007 = 2008
?F@%éﬂj% (B I/[Ea@mw e 1 aab )ng;@mlﬁg%am I/iﬂﬂfr up %gﬁ
gg;}—a—w; *ijtﬁ/‘[ﬁsﬁu (B LA [hl-gﬂﬁlﬁl-ﬁ}j_‘r/\& "y [ggr:/m
F{JUI?JJI/& J E R E- IJ]%AE“[J/?D 1 FJZJL | LKAijEE_{ﬂ 3 ﬁlf {ﬁ/\_’E[J/JE[F%,
Ml e ”“*HVHW%M’ﬁﬁ”'mJ it
T E‘LEJT% DI > SR i @é@ijflllpvm— (= EE_ U[‘:‘% ﬂﬁI/
[/[hl_gjﬁg s " —[/fﬁjrj[u GHIT |7 FJ[;}W{ %ﬁ\ﬁ# rhm;ﬁﬁ_lrhl-gjjjr I/’Ul“ylug&ﬁ\l

Pl JF‘ » Ifﬁ}“ ﬁj,iu?l/ jf&‘iﬁj )

q [EF 4@?&; 17 574 (7 7] 24 FORIT B pleoE 2 fI
w7 +[3F,E+/.;firwg FEA — F (2007 = 2008 F)SEH e F,I‘EWUEP
REAT1ay R e ’F “Elﬁ]‘T” ; PF" (PR RS RO R
fi VI S i*ﬁ%rﬁ P14 % S TR

IR ?ﬁi@}i*ﬁl’lﬁ o (EI ST S [ g, *ﬁlf@ﬁ'ﬁﬁiﬁ”(Worm type Hob
Cutter) » I 4 &% E#imﬁl ! §J1|:_LEIH§E<_] [ Pl J"&f:*j?’j 1= '*lﬁ;
,F@Eﬁﬁ Z |‘EfPEJt—%EE

:)f (EE- ) T Eﬁfa SN SR E S
LN E#,‘—{ rnﬁi’j%7k1‘rfiiﬁ” &*F‘M}{THWJ% i J”E%[HLE& ;
I'*#%—EE"*WF N

PR E LR D A I**rwf (BN > == /F@E’ﬁ“

P RIS S SRR A zﬁ[ At
IS o5t~ B BT+ OSSR R
54 Tl ftlmu ST B S . rﬁ’ﬁfh— "

AR R Tjﬁ PR S Yt RS RS 'lﬁ—?[a&'ﬁi%‘@ﬁ‘ i
L S S



i 2.




i3

Al 4,




' S.

' 6.




FRERATHELREHPRP EFEFNRRFEIERFS

9%+ 7 % 03 F

FE AL PRI |
y . LA
AL = ,Ti-" % BFJmfF_
PR 12007/06/17-21 k&P
€ & NSC 95-2221-E-159-010
gy |FER RSP A ES gL
§ | (P 2) B BBEaBERgY LR
- (# =) 12" World Congress in Mechanism and Machine Science
’f = (¢ %) A8 dh2 Fff #12
‘;gp (# = ) Contact Characteristics of Spherical Gears

_\%jq gviqq——@

FLC B e ERS Y R ¢ &(12" World Congress in Mechanism and Machine
Science)*+2007# 6 17-21p %2 | b % > (Besancon)sriMicropolis# {7 - 4 ¢ k& = & &
-2 & EdZRLE ¢ (France Committee) 2L 7% o “‘dﬁ*?‘;;‘%ﬁfﬁﬁ‘*%ﬂ{ Loz
A0 LT R HpIE Lo T LT A PR RESE L E s 2 T fR
B B p(o@FRL2 p)TE2NE 2R3 2REHSE BAFRFYL13]F - 55
/%*b"’/é BFL LS PP dr s M3 24852 § - Bi?Fé‘*ﬂ %2007%6" 16p + =8
o FHE AP BRITFRT F2HF *w%l#'ﬂ?ﬁ@% TH A2 AAMER IR P(ER
FRLTP )Y =32 RBMHASNCFd 2 W= Ko LA ¢ Eyrrisd L &9
(Besancon) » F #F ERF L a Bz Lo  KEL S D b2 BFRFYLITP T 2180 &
gk ﬁ%’\ﬁ ‘“&F\é‘t’ﬁ BEREIRS T IEFLEERZETF S Nﬁuiggzé s
(Micropolis) » £ 4 & €347 IR E I AFPApM 2 B2 B2 < R E2 52 FEF
RIRL c BRAR D G2 LR L D é%%*aHW*€%ﬂ~%£“"—
i%ﬁ%fﬂfﬁbz*ﬁ’ §efTh B R T OUGREATI A2 BB LW o ¥ p (18p)T = 14:40-15:00
P L EERLEY PR L F gL TR @rg‘rv(Gearmg and Transmission) | %
2%;‘,%4 Zi(Sessmn GT-2, Room 2) » 3=k 2 # 4 % Carlos Lopez-Cajun-t # % Ales Belsak £
2oL EFAL /D S Mok 4 2 #&ﬁ%%ﬁ‘r 1+ (Contact Characteristics of Spherical
GeafS)J e RS L EARA B R 2 2 E R RR AN EE L F % IR
EE AU "Jii%ﬁl\{g;&f;u B LR AR F.«,éapn*nv EES b‘&ﬁm 3% & 1 (Poster)
ST o RPN T ﬂ hERT LTRET B Lz —:)!Am%?—‘*‘ o “/T‘"J Bl‘g\g}__

SRLE RRALY F LAY g*r1*"i91¢”f\'f* s\:ﬁﬁl_/zﬂfﬁ%”“ﬁ L&
R R R SR IR S ?’ng FEH P RS BN AR é_LL;}[\
Foo B g g hB K & RIDT R RS R AL

- e

“ﬁpﬁ€4¢ié51%1k@%i%ﬁ%%ﬁ%$ﬁ’ﬁaﬁ¢g5mgip;
WP I e Y FAoH Y mE 0 18 B A ek £475 1(1)2 # 4 & (Biomechanics) »
(2) * #% 4 :(Human-Machine Systems) > (3)# #;£2 1§ # (Gearing and Transmission) - (4):

% Y04

T

v



% £2 1 #(Linkages and Cams) » (5) & + %+ (Mechatronics) » (6) & # 1 (Micromechanisms)

» (7)¥ & * (Robotics) - (8)% + (Education) » (9)# #2 t# B # & 2 f ¢ w #f (History of
MMS)> (10) 4 ® # 4 & (Dynamics of Machinery)- (11) 2+ = ;= (Design Methodology) - (12)
B i # 4 & (Computational Kinematics) - (13) A #+ % (Tribology) - (14) i #5 #
(Transportatlon Machinery) » (15)# =+ #+ 4 & (Rotor Dynamics) - (16)2-4t |+ & iF (Nonlmear
Oscillations) - (17)#% % & #42. # 3 & (Reliability of Machines and Mechanisms) % (18)
6> 4 & (Multi-Body Dynamics) o *Pﬁgﬂﬁ%ﬁﬁmF*‘iﬁwéﬁi’@E%
WLARDEL BFT T AR > < § R B T AR 2 PR v 4 B R P X ah v 3 AR
i “Fﬁé#FF{ﬂﬂmWWﬁmpﬁé

gk A e P o BB R wEA WY 18 p £ (AM.9:30-10:30) ~ 19 p T =
(P.M.2:00-3:00)2 20 p T = (PM.2:00-3:30) » ¢ 20 p T X3 A H-H A HA Y w LA
AL P 2 B 5 1 (L)Forced Response Computation for Bladed DISkS Industrial Practices and
Advanced Methods - (2)The Specificity of Traction Motors for Railways Application > (3)A
Microassembly System for Manufacturing Hybrid MEMS % (4)Human Powered Flywheel
Motor : Concept, Design, Dynamics and Applications o 14 i 4 & B A %] & 2 B
TurboMECA = & =7 E. Seinturier £ 4 » ;2 ®F f 273 (Alstom) = & 7 Dominique Jamet
44 > 324 ETH Zurich(Swiss Federal Institute of Technology) « # = Bradley J. Nelson £
dﬁ % & & Priyadarshimi < & =7 Jayant P. Modak :%‘?dz °

:{-fﬂz Fdein ¥ Lo %E;ﬁ‘»_b%%&ﬁ@fi?ﬂ * = g P BT OIS s 7 fER b 147 % A
B uE AR U - Ry o) Iﬁ‘u o EEXS om ¥ A E TR E DR EAER Y R
ﬁ’vﬁbhﬁﬁif—iﬁ Bk ko P’ ?Jﬂx%ﬁwéw*mwwiﬂ?°%ﬁl?i
SESE R R AL &R ”Nz-rﬁ&j FIFEME LB Y B ORI AR B AR
A ﬁﬁ’mw [AReSER &

ﬁdﬁ,*pﬂgmﬁ'%ﬁwagﬁim WEBLBPRFIAL A1 A - B
m?jﬁ o & .ﬂz# ped ?‘&?gj—g]f;lgjﬁq‘gi%‘ffgé ,% TR R 2ot FE=N -%Z,Euua,
1OfEE R PJ,E]\:%‘?JFZEF TR e 2 ARR > FR R A P CATRT O TP R E R
ﬁ:f@ﬁﬁ&@wﬁéaﬁafwwmﬁﬁéiiﬁW%ﬁﬁﬁﬁgﬁ’uﬁﬂwm
R R LR S AL FUSRTNNE - FUAtE IR R R
F%ﬁé ﬁi\ﬁnlzm&‘ﬂ‘%‘i'%ﬂ*fé%i FTRH AR 1S B PR {1 "‘J%Ti’zéi%*éﬁl“%%‘?
whzw R o LHE A&TWﬁgm‘pr’w@wﬁwmg Kﬁﬁﬁﬁﬁiﬁ
R R SR A S A e L SR R
4;\;§];§]xﬁ<§‘34h—+~ =~ ,g, W‘m%-alh‘im m*g lﬁdg‘g , 1" Laf LE]W%&JJN‘ ob % o

X

1 qu‘gpﬁvyk@i(CDROM)— SRR Z e ARE R BT LT IS < § KA
THA e
Pﬁg% —EAP R BN FIRBF AR/ ALY
e

% Y04




12th IFToMM World Congress, Besangon (France), Junel18-21, 2007

Contact Characteristics of Spherical Gears

Li-Chi Chao’
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Abstract —In this paper, the theory of gearing and the
mechanism of gear cutting have been applied to develop the
mathematical model of spherical gears. Based on the developed
mathematical model of spherical gears, computer aided design
(CAD) and tooth contact analysis (TCA) of spherical gear sets
have been performed. The TCA results provide useful
information about the kinematic error (KE) and the contact
pattern of spherical gear sets.

Keywords:spherical gears, continuous shifting, tooth
contact analysis, contact ellipses, kinematic
errors

1. Introduction

In the past, many investigates have been made for spur
gears, helical gears and bevel gears including their
respective mathematical models, characteristics, stress
analyses and manufactures. Tsay [1] investigated the
geometry, computer simulation, tooth contact analysis and
stress analysis of the involute helical gear. The spur gear
is a special case of helical gears with zero degree of helix
angle. Liu and Tsay [2] studied contact characteristic of
bevel gears. Tsai and Chin [3] discussed surface geometry
of bevel gears. Litvin et al. [4] probed into low-noise high
endurance of bevel gears by design, manufacture, stress
analysis and experimental tests. The tooth contact analysis
(TCA) method was proposed by Litvin [5-7], and it had
been applied to simulate the meshing of gear drives. The
TCA results provide us some useful information on
contact points, contact ratio and kinematic error (KE) of
gear sets. The surface separation topology method was
proposed by Janninck [8], and it can be applied to
determine the contact ellipses on tooth surface of gear
sets.

Spherical gear is a new type of gear proposed by
Mitome et al. [9]. The shapes of spherical gears have
convex tooth and concave tooth that similar to the ball and
the worm gear, respectively. Compared with the spur gear
pair, the spherical gear set can allow the axial
misalignments and transmit a rotational motion between
two intersecting shafts with variable shaft angles. These
are two major advantages of spherical gears. Basically,
the spherical gear is composed of an infinitive pieces of
spur gears with a continuous gear shifting along the gear
rotation axis. It’s similar to the bevel gear but the
continuous shifting of spherical gear is in the second order
i.e. a curve. The spherical gear pair has three mating
types : convex tooth with convex tooth, convex tooth with

"E-mail: jackicy@so-net.net.tw
“Corresponding author, E-mail: cbtsay@mail.nctu.edu.tw

Chung-Biau Tsay"

Chair Professor,
Department of Mechanical Engineering,
Minghsin University of Science and Technology,

Hsinchu, 30401, Taiwan

concave tooth and convex tooth with spur tooth. Figure 1
shows these three mating types of spherical gear sets with
axial misalignments. Up to now, only a very few
investigations on the spherical gear. Yang et al. [10,11]
proposed a ring-involute-teeth spherical gear with double
degrees of freedom. Tsai and Jehng [12] applied rapid
prototyping to form a spherical gear with skew axes.

The aim of this paper is to develop the mathematical
models of spherical gears with convex tooth and concave
tooth. Based on these developed mathematical models, the
TCA is performed. The instantaneous contact points and
kinematic errors of the spherical gear can be calculated. In
addition, the contact pattern of spherical sets can also be
determined.

Convex —
Spherical Gear/
/

Spur Gear 3
A 2
5 \ /r/v AN / i

Fig. 1. Mating statuses of spherical gear set with axial misalignments

Concave
Spherical Gear

II. Mathematical Model of Spherical Gears

There are many manufacture methods for gear
generation. Hobbing is a common and efficient way to cut
gears. Hobbing method can be applied to cut spur gears,
helical gears, bevel gears, etc. It also can be used to cut
the spur gear with continuous shifting such as spherical
gears. Therefore, an imaginary rack cutter is considered to
simulate the hob cutter. According to the theory of gearing
[5-7] and the gear cutting mechanism, the mathematical
model of spherical gears can be developed.

A. Mathematical model of rack cutter

The spherical gear pair for the meshing simulation
comprises a pinion and a gear. Assume that the rack cutter
surfaces >, and >, generate the pinion surface 2

and gear surface 2., , respectively. According to Figure 2,

the normal section of rack cutter consists mainly of two
straight edges. Therefore, the mathematical model of these
two straight edges can be represented in coordinate

system SO(X®, Y9, Z0) by

—a+/{ ,cosa,
F(b+atana,)*/,sina,
0
1

0 _
R, =
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where the design parameter /, =‘M0M‘ (i=F and P)

represents the distance between the initial point M, and
the moving point M ; the symbols M, and o, denote

the normal module and normal pressure angle of spherical
gears, respectively. The upper and lower signs of Eq. (1)
represent the cutter surface equation of the left side and
right side on rack cutter 2, (i=F and P), respectively.

Xa

(o8
L 2b=0.5TTM: =1

),,
B
Fig. 2. The normal section of rack cutters ZF and ZP
Consider that the coordinate system SU(X®,Y",Z{")
represents the hobbing locus of the hob cutter for the
generation of a spherical gear, as shown in Figure 3. The
mathematical model of rack cutter can be determined by
using the homogenous coordinate transformation matrix

equation transforming from coordinate system SO to
SU . It’s also the locus equation of normal section of rack

cutter represented in coordinate system S . Therefore,
the rack cutter surface can be represented in coordinate
system SO as follows:
—a+/l;cosa, —R;(1-cosb))
RO - M RO - F(b+atana, )t/ sina, . Q)
¢ “ne R;sin6;
1

where the symbols R; and 0; (j=1, 2) represent the

spherical radii and spherical angles, respectively. The
upper and lower signs of Eq.(2) represent the cutter
surface equations of the left and right sides of the rack
cutter.

The unit normal to the rack cutter surface can be
attained by

i Nc
n® = N 3)

where
0) 0)
No _ R ORY @

© o, o8,

and parameters (;and 0; are the surface coordinates of

the rack cutter. Equations (2)-(4) result in the
corresponding unit normal vector to the rack cutter
surface as follows:

tsina, cosO,
; 1
n® =

2 2
(\/1—cos a,sin”0;)

Cc

—cosa, cos0; |, (5)

tsina, sin6;

x? zZ)
X0 /
|
o - J‘ el
i o ]
oY LYY Ri(1-cosé;)

Fig. 3. Relationship between coordinate systems SS) and S(Ci)

B. Mathematical model of spherical gear

Figure 4 shows the schematic generation mechanism
and the coordinate relationship among the rack cutter and
the generated pinion and gear. Herein, coordinate systems
SUXY YD, ZYY, Se(Xe,YeZs) , Si(X1,Y1,Z1) and
S»(X,,Y,,Z,) are attached to the rack cutter, fixed, pinion
and gear coordinate systems, respectively. In the
generation process, the rack cutter translates to the left
with a velocity V while the pinion rotates with an angular
velocity @, and the gear rotates with an angular velocity
, , respectively. According to the theory of gearing [5-7],

the plane axode, pinion axode and gear axode roll over
each other without sliding on the instantaneous axis I-I.
Therefore, the mathematical model of spherical pinion can
be expressed in coordinate system S, as follows:

f1(£:,0,,0,) =[r¢, £ (b+atana, ) F {sina, ]sina, —[a
—lzcosa, +R,;(1-cosb,)]cosa, =0, (6)

and R, =M, R". (7)

The unit normal vector of the generated pinion can be
obtained by

n” =L, n". (3)

1c™e

It is noted that Eq.(6) is the equation of meshing and
Eq.(7) represents the locus of rack cutter surface >;

espressed in the pinion coordinate system.
Similarly, by using another rack cutter surface >, and

the same generation mechanism, the mathematical model
of the generated gear can also be obtained as follows:

f(0p,0,,0,)=[F(b+atana, )t l,sina, —1,0,]sina, —[a
—lpcosa, +R,(1-cos0,)]cosa, =0, (9)
and R,=M,R". (10)

The unit normal vector of the generated gear also can be
obtained by

" =L,n" (11)
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X

Gear Axode

=12

Plane axode

0}
O.

Ye

Pinion Axode

Fig. 4. Coordinate system relationship among rack cutter and generated
gears

Again, Eqs.(6) and (7) represent the mathematical

model of the pinion, and Eqs.(9) and (10) express the gear.

The pinion and gear are the spherical gears with convex
and concave teeth, respectively.

II1. Meshing Model and Tooth Contact Analysis

In general, gear sets are important machine elements
for power transmissions. The profile and assembly errors
are two important factors that effect the gear transmission
performance. The profile errors include the errors of
pressure angle, lead angle, tooth profile, etc. These errors
relate to the manufacture of gears. Therefore, improving
the precision of manufacture is very important to increase
the gear transmission performance. Another important
factor that effects the transmission performance of the
gear set is assembly errors. Assembly errors include the
errors of center distance, vertical axial misalignment and
horizontal axial misalignment. In this study, the influence
of assembly errors on transmission performance is
investigated.

A. Meshing Model of spherical gear set

Figure 5 shows that the pinion and gear are meshed
with assembly errors. The gear set can be simulated by
changing the setting of coordinate systems

S, (X,,Y,,Z,) and S, (X,,Y,,Z,) with respect to the
fixed coordinate system S;(X;,Y;,Z;). Coordinate

systems S,(X,,Y,,Z,) and S,(X,,Y,,Z,) are
attached to the pinion and gear, respectively. When the
gear set is meshed with each other, ¢, and ¢, are the

actual rotation angles of the pinion and gear, respectively.
To simulate the horizontal axial misalignment of pinion, it

can be performed by rotating the coordinate system S,

about axis X, through a misaligned angle Ay, .
Similarly, the vertical axial misalignment of pinion can be
achieved by rotating the coordinate system S, about axis

X, through a setting angle Ay, . In addition, the error of

center distance of spherical set can be performed by
moving the coordinate system S, along axis Xy with a

distance AC. Where the symbols Ay,, Ay, and AC

v

represent the horizontal axial-misaligned angle, vertical
axial-misaligned angle and error of center distance of the

gear set, respectively.
Z:

C'=r+1+AC

Fig. 5. Spherical gear set of pinion and gear with assembly errors
B. Tooth Contact Analysis of spherical gear set

According to the tooth contact analysis method [1,5-7],
the position vectors and the unit normal vectors of both
pinion and gear should be represented in the same
coordinate system, say S;(X;,Y;,Z;). The common
contact point of pinion and gear is indeed the same point
expressed in coordinate system S;. Moreover, the unit
normal vectors of the pinion and gear must be collinear to
each other. Therefore, the following equations must hold
at the point of tangency of the mating gear pair:

R’ -R® =0 (12)
and

1 2
n® xn® =0, (13)
where R and R{” represent the position vectors of

O]

the pinion and gear, while n!” and n{® are the unit

normal vectors, respectively, represented in coordinate
system S.(X,,Y;,Z;). Since |n§”| :|n§2)| =1, Egs. (12)

and (13) yield a system of five independent nonlinear
equations with six independent parameters ¢;, 05, /.,

£y, 6, and 0,. If the input rotation angle ¢; of the

pinion is known, other five independent parameters can be
solved by using nonlinear solver.

The kinematic error (KE) of the spherical gear set can
be calculated by applying the following equation:

Ad (@) = 3 (@) —%b;, (14)

where T; and T, denote the number of teeth of pinion and
gear, respectively.

IV. Contact pattern

When gear drives transmit the power or motion, the
elastic deformation of the gear surface is occurred near
the contact points. This elastic deformation zone is usually
called the contact pattern or contact ellipse. The methods
of contact pattern analysis can be classified into the elastic
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body and the rigid body. The elastic contact pattern
method can use the finite element method (FEM) to
analyze the contact ellipse with elastic deformation,
including mechanical property of material, coefficient of
friction of the gear surface, temperature, loading, etc. On
the other way, the curvature analysis method [5-7] and
surface separation topology method [8] are two appr-
oaches to investigate the rigid body contact pattern.

In this study, the contact patterns of spherical gear set
are obtained by using the surface separation topology
method. According to the surface separation topology
method [8], the tooth surfaces of pinion and gear must be
transformed to the coordinate system Sy(X,,Y,Z,) which is
attached to the common tangent plane of two contact
tooth surfaces. Figure 6 shows the relationship between
the fixed coordinate system S¢ and the common tangent
plane coordinate system S;. The coordinate system
Su(Xm,Ym,Zm) and S,(X,,Y4,Z,) are the auxiliary
coordinate systems and they are rotated about the axes X,
and Y, through the angles 6 and e, respectively. The
position vectors of tooth surfaces of pinion and gear,
represented in coordinate system S;, can be expressed by

RY=MRY (k=12), (15)
where the angles formed between axes Z, and Z,, and

n
between axes Z, and Z, are S:tan{—yj and
n

z

1 nx

2 2
yn, +n,

Px» Py and p, are the components of the position vector of
common contact point O, represented in coordinate
system St.

€=tan" , respectively. Moreover, symbols

-

/ —0,,0,,0, : : Yo
VARV | -
i

/ Y, Too 1y Q‘Qlfpxiﬁpyjr"' K,
O, f
Fig. 6.Coordinate system relationship of contact point and tangent plane

Figure 7(a) shows the contact tooth surfaces of pinion
%, and gear X, which tangent to each other at their
instantaneous contact point O,. The position of common
contact point O, can be determined by TCA computation.
Herein, the unit normal vector n represents the unit
normal vector of pinion X, represented in coordinate
system S; and coincides with the Z, axis. The symbol r is
the radius of the contact pattern at the corresponding polar
coordinate 0, expressed in the coordinate system S;. The

value of radius r must satisfy the separation distance (i.e.
d;+d,) between the pinion surface X, and gear surface

%, along Z, direction is equal to the diameter of coating

paint as shown in Figure 7(b). The diameter of testing
coating paint is 0.00632 mm. Therefore, the contact
pattern can be determined by applying the following
equations:

XV =x1, (16)
Yt(l) _ Yt(Z) , (17)
-G
v oy
tan(0,) = —t— = — -n<0, <m), 18
CH) X—t(ly Xﬁtgy ( (ST (18)
and ‘zt“) ~7,%=0.00632mm . (19)

Thus, the positions and sizes of contact ellipses of the
spherical gear set can be determined by using Egs.
(16)-(19).

(a) (b)

T %, z
73 T n d
0, ;T
5, Coating paint

Fig. 7. (a) Common tangent plane and polar coordinates. (b) Separation
distance between pinion and gear surfaces

V. Numerical examples

Based on the mathematical model of the spherical gears
and the meshing model, the computer simulations of
spherical gear sets can be performed.

Pinion Gear

Spherical Spherical Spherical

Type of gears Spur
convex concave —convex

Normal module (mm/teeth) 3 3 3 3

Normal pressure angle (deg.) 25 25 25 25

Number of teeth 18 36 36 36

Spherical angle (deg.) 16.128 7.984 7.984 -

Face width (mm) 15 15 15 15

TABLE I. Design parameters of spherical pinion and gear

Example 1. Convex spherical pinion vs. concave spherical
gear

The major parameters of spherical gear are given in
TABLE 1. The gear pair is composed of convex spherical
pinion and concave spherical gear, mounted with three
assembly conditions as follows:

Case 1: Ay, =Ay,=0" and AC=0mm
Case 2: Ay, =Ay,=0" and AC=0.2mm

Case 3: Ay, =—0.5", Ay, =2.0° and AC=0.2mm

Case 1 is the ideal assembly condition. Case 2 indicates
that the gear set has the error of center distance (0.25%
center distance). Case 3 indicates that the gear set has
both the axial misalignments and error of center distance
(0.25% center distance). The simulated kinematic errors
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(KEs) and bearing contacts of these cases are shown in
TABLE II. In the ideal assembly condition (Case 1), the
gear set has no KE and tooth surfaces contact to each
other at the central region of face width. In the Case 2, the
gear pair also has no KE and they contact to each other at
central region of face width. Due to the profiles of central
region of spherical pinion and gear are profiles of spur
gears with no shifting, therefore, the contact characteristic
of central region of spherical gear set is similar to that of
spur gears. The only different between spherical gear and
spur gear is that the spherical gear set is in point contact
and the spur gear is in line contact. Figure 8 illustrates the
loci of contact points and their corresponding contact
patterns on the pinion surface for the above-mentioned
three cases. The positions of contact patterns of spherical
gear set with axial misalignments and assembly errors of
center distance (Case 3) are dislocated by still near the
central regionof face width.

contact patterns remain in the central region of face width.
In this example, the size of contact patterns is smaller than
former examples.

Case  ¢,(deg.)  ¢,(deg.) ¢, (mm) ¢,(mm)  0(deg.) 0,(deg.) K.E.(arc-sec)

4 -8.0000 -4.0000 2.7127 2.7127 0.0000 0.0000 0.0000
-4.0000 -2.0000 3.5093 3.5093 0.0000 0.0000 0.0000
0.0000 0.0000 4.3059 4.3059 0.0000 0.0000 0.0000
4.0000 2.0000 5.1025 5.1025 0.0000 0.0000 0.0000
8.0000 4.0000 5.8991 5.8991 0.0000 0.0000 0.0000
5 -8.0000 -4.0000 2.7726 2.5532 0.0000 0.0000 0.0000
-4.0000 -2.0000 3.5692 3.3498 0.0000 0.0000 0.0000
0.0000 0.0000 4.3658 4.1464 0.0000 0.0000 0.0000
4.0000 2.0000 5.1625 4.9430 0.0000 0.0000 0.0000
8.0000 4.0000 5.9591 5.7396 0.0000 0.0000 0.0000
6 -8.0000 -3.9992 2.7887 2.5662 2.7059 0.3817 2.8814
-4.0000 -1.9996 3.5861 3.3624 2.7335 0.3541 1.4574
0.0000 0.0000 4.3834 4.1586 2.7610 0.3266 0.0000
4.0000 1.9996 5.1808 4.9547 2.7886 0.2990 -1.4908
8.0000 3.9992 5.9781 5.7508 2.8161 0.2715 -3.0150

Case  ¢(deg)  ¢,(deg) ¢ (mm) [, (mm) 0 (deg) 0,(deg.) KE.(arc-sec)

1 -8.0000 -4.0000 2.7127 2.7127 0.0000 0.0000 0.0000
-4.0000 -2.0000 3.5093 3.5093 0.0000 0.0000 0.0000
0.0000 0.0000 4.3059 4.3059 0.0000 0.0000 0.0000
4.0000 2.0000 5.1025 5.1025 0.0000 0.0000 0.0000
8.0000 4.0000 5.8991 5.8991 0.0000 0.0000 0.0000
2 -8.0000 -4.0000 2.7726 2.5532 0.0000 0.0000 0.0000
-4.0000 -2.0000 3.5692 3.3498 0.0000 0.0000 0.0000
0.0000 0.0000 4.3658 4.1464 0.0000 0.0000 0.0000
4.0000 2.0000 5.1625 4.9430 0.0000 0.0000 0.0000
8.0000 4.0000 5.9591 5.7396 0.0000 0.0000 0.0000
3 -8.0000 -3.9983 2.8187 2.5893 4.2165 1.1358 6.2825
-4.0000 -1.9991 3.6137 3.3827 4.1354 1.0541 3.0921
0.0000 0.0000 4.4088 4.1762 4.0542 0.9723 0.0000
4.0000 1.9992 5.2039 4.9699 3.9730 0.8904 -2.9935
8.0000 3.9984 5.9991 5.7637 3.8917 0.8086 -5.8888

TABLE II. Kinematic errors and bearing contacts for spherical gear sets
with convex pinion and concave gear

l Casel o—eo—-oCase2 x—xxCase3 ‘

0 5J (mm)
1 L

Fig. 8. Contact patterns of spherical gear set with convex pinion and
concave gear

Example 2. Convex spherical pinion vs. convex spherical
gear

The major spherical gear parameters also are shown in
TABLE 1. This example investigates the meshing
simulations of the spherical gear set with convex pinion
and convex gear under the following assembly conditions:

Case 4: Ay, =Ay, =0" and AC=0mm
Case 5: Ay, =Ay, =0° and AC=0.2mm

Case 6: Ay, =—-0.5", Ay, =2.0" and AC=0.2mm

TABLE III summarizes the simulated results of the
bearing contacts and KEs of Cases 4-6, and Figure 9
illustrates the loci of contact points and their
corresponding contact patterns on the pinion surface. In
Case 4 and Case 5, the KEs keep zero and the loci of

TABLE III. Kinematic errors and bearing contacts for spherical gear sets
with convex pinion and gear

‘ Case4 o—o—oCase5 x—xxCaseb |

0 5 (mm)
S T—

Fig. 9. Contact patterns of spherical gear set with convex pinion and
gear

Example 3. A gear set with convex spherical pinion and
spur gear

The major gear parameters are also given in TABLE 1.
This example investigates the meshing simulations of the
gear set with convex spherical pinion and spur gear under
the following assembly conditions:

Case 7: Ay, =Ay,=0" and AC=0mm
Case 8: Ay, =Ay, =0" and AC=0.2mm

Case 9: Ay, =-0.5", Ay,=2.0" and AC=0.2mm

TABLE IV summarizes the simulated results of the
bearing contacts and KEs of Cases 7-9, and Figure 10
illustrates the loci of contact points and their
corresponding contact patterns on the pinion surface. Case
9 has a little higher level of KEs than other examples
under the assembly condition with axial misalignments.

Case  ¢,(deg.)  ¢,(deg) / (mm) [/ (mm) O(deg.) 0,(deg) KE.(arc-sec)

7 -8.0000 -4.0000 2.7127 2.7127 0.0000 0.0000 0.0000
-4.0000 -2.0000 3.5093 3.5093 0.0000 0.0000 0.0000
0.0000 0.0000 4.3059 4.3059 0.0000 0.0000 0.0000
4.0000 2.0000 5.1025 5.1025 0.0000 0.0000 0.0000
8.0000 4.0000 5.8991 5.8991 0.0000 0.0000 0.0000
8 -8.0000 -4.0000 2.7726 2.5532 0.0000 0.0000 0.0000
-4.0000 -2.0000 3.5692 3.3498 0.0000 0.0000 0.0000
0.0000 0.0000 4.3658 4.1464 0.0000 0.0000 0.0000
4.0000 2.0000 5.1625 4.9430 0.0000 0.0000 0.0000
8.0000 4.0000 5.9591 5.7396 0.0000 0.0000 0.0000
9 -8.0000 -3.9990 2.7947 2.5704 3.0862 0.5387 3.7371
-4.0000 -1.9995 3.5917 3.3661 3.0863 0.4998 1.8686
0.0000 0.0000 4.3886 4.1618 3.0864 0.4610 0.0000
4.0000 1.9995 5.1856 4.9575 3.0865 0.4221 -1.8688
8.0000 3.9990 5.9826 5.7532 3.0867 0.3832 -3.7377

TABLE IV. Kinematic errors and bearing contacts for spherical gear sets
with convex pinion and spur gear
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Fig. 10. Contact patterns of a gear set with spherical convex pinion and
spur gear

Example 4. Average ratio a/b of major and minor axes of
the contact ellipses

The major gear parameters are also the same as those
given in TABLE I. This example investigates the average
ratio a/b of major and minor axes of contact patterns when
gear pair with different tooth pressure angles under the
ideal assembly condition and having axial misalignments
without center distance variation.

Case 10: Ay, = Ay, =0’ (ideal assembly condition)

Case 11: Ay, =-0.5°, Ay, =2.0°

TABLE V shows the ratio a/b of major and minor axes
of the contact ellipses of the spherical gear set with
different tooth pressure angles. It is found that convex
pinion meshes with concave gear has a larger ratio of a/b
than other mating conditions. Due to the curvature centers
are located on the same direction for the case of convex
pinion mating with concave gear, the separation distance
between pinion surface >, and gear surface 2, is

smaller than other mating conditions. Therefore, the ratio
of a/b in this mating condition is larger than others.
Moreover, the gear set with a smaller pressure angle
(14.5°) results in a larger ratio of a/b than other pressure
angle conditions.

Pressure angle(deg.) 14.5 20.0 25.0
Convex pinion vs. concave gear
Case 10 7.334 5.142 4.123
Case 11 7.229 5.122 4.103
Convex pinion vs. convex gear
Case 10 4.240 2971 2.379
Case 11 4215 2.970 2.377
Convex pinion vs. spur gear
Case 10 5.191 3.641 2918
Case 11 5.162 3.632 2.909

TABLE V. Average ratio a/b of major and minor axes of the contact
patterns of spherical gear sets with different tooth pressure angles

VI. Conclusions

In this study, the continuous shifting during gear cutting
is adopted to generate the spherical gears. The
continuously positive shifting and then negative shifting
gear cutting can generate the concave spherical gear, and
in the reverse order can generate the convex spherical gear.
Based on the developed mathematical model of spherical
gears, the simulated results can be concluded by:

1. The meshing spherical gear set is in point contact, and
the contact points of the spherical gear set with axial
misalignments locate near the central region of tooth

surfaces. It means that there is no edge contact
occurred for the spherical gear set with axial
misalignments. Besides, the locations and sizes of
contact patterns of the spherical gear set can be
determined. The results are useful to further
investigations on the contact characteristic of spherical
gear sets.

2. If a spherical gear set is the convex tooth mating with
concave tooth, their curvature centers will locate on the
same direction of tangent plane. However, if the
spherical gear set is the convex tooth mating with
convex tooth, their curvature centers are located in the
opposite direction of tangent plane. A spherical gear set
with convex tooth mating with concave tooth has the
largest size of contact patterns, and then the convex
tooth mating with spur tooth. The convex tooth mating
with convex tooth has the smallest size of contact
patterns.

3. A spherical gear having a smaller pressure angle
(i.e.14.5°) results in a smaller kinematic error and a
larger ratio of a/b, whereas a larger pressure angle
(1..25.0°) results in a larger kinematic error and a
smaller ratio a/b.
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